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Abstract

In this paper, a nonparametric ‘‘gradient’’ of the mutual information is first introduced. It is used for showing that

mutual information has no local minima. Using the introduced ‘‘gradient’’, two general gradient based approaches for

minimizing mutual information in a parametric model are then presented. These approaches are quite general, and

principally they can be used in any mutual information minimization problem. In blind source separation, these

approaches provide powerful tools for separating any complicated (yet separable) mixing model. In this paper, they are

used to develop algorithms for separating four separable mixing models: linear instantaneous, linear convolutive, post

nonlinear (PNL) and convolutive post nonlinear (CPNL) mixtures.
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1. Introduction

Let s1ðtÞ; s2ðtÞ; . . . ; sM ðtÞ be M statistically in-
dependent source signals, from which only N

different mixtures x1ðtÞ; x2ðtÞ; . . . ;xN ðtÞ have been
observed, i.e.,

xiðtÞ ¼Fiðs1ðtÞ; . . . ; sNðtÞÞ; i ¼ 1; . . . ;N, (1)

where Fi denotes the unknown mixing system,
which may be nonlinear and/or have memory. In
vector form, the above equation is written as
d.
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xðtÞ ¼FðsðtÞÞ; where sðtÞ9ðs1ðtÞ; . . . ; sMðtÞÞ
T and

xðtÞ9ðx1ðtÞ; . . . ; xMðtÞÞ
T are source and observa-

tion vectors, respectively. Then, the goal of blind
source separation (BSS) is to recover the original
source signals by knowing only these observations.
The problem is called Blind since there is no or
very little information about the sources or about
the mixing system. This problem has applications
in different areas including feature extraction,
brain imaging, telecommunications, speech en-
hancement, etc. [18]. Throughout this paper, it is
always assumed that the number of observations is
equal to the number of sources, that is, M ¼ N:
Since the sole assumption is the independence of

sources, the basic idea in blind source separation
consists in estimating a system G; only from the
observed data xðtÞ; such that the components of
yðtÞ ¼ GðxðtÞÞ are statistically independent. This
method, based on statistical independence, con-
stitutes a generic approach called independent
component analysis (ICA). In general (nonlinear)
case, it can be shown [19] that ICA does not lead
to BSS. However, if some structural constraints
are imposed on mixing and separating systems, the
ICA approach may result in BSS, with eventually a
few indeterminacies. For example, when both
mixing and separating systems are assumed to be
linear and memoryless (i.e., xðtÞ ¼ AsðtÞ and yðtÞ ¼
BxðtÞ; where A and B are N �N regular matrices),
then we have the well-known linear instantaneous
mixtures, for which the equivalency of ICA and
BSS has been already proved [12]: if the compo-
nents of y are independent, and if there is at most
one Gaussian source, then the outputs will be
equal to the source signals up to a scale and a
permutation indeterminacy.
Consequently, for using the ICA approach for

source separation, we impose a structural con-
straint2 on mixing and separating systems. Then,
the separating system is a parametric mapping

yðtÞ ¼ GðxðtÞ; hÞ, (2)

where G is a ‘‘known’’ separating system with
‘‘unknown’’ parameters h: It is also required that
2Other regularization approaches have also been proposed,

based on smooth mappings, i.e., multilayer perceptrons [1] or

based on Bayesian models with ensemble learning [31].
this mixing-separating model be ‘‘separable’’, that
is, the independence of the outputs (ICA) insures
the separation of the sources (BSS). Under these
conditions, the problem of source separation
reduces to finding the parameter h that maximizes
the independence of the outputs.
To measure the degree of independence of the

outputs, their mutual information may be used.
The mutual information of the random variables
y1; y2; . . . ; yN is defined as [13]

IðyÞ ¼

Z
y

pyðyÞ ln
pyðyÞQ
i pyi
ðyiÞ
dy, (3)

where y ¼ ðy1; . . . ; yN Þ
T: This is nothing but the

Kullback–Leibler divergence between pyðyÞ andQ
i pyi
ðyiÞ: It is well known that IðyÞ is always

nonnegative and vanishes if and only if the
components of y are independent. Consequently,
the solution of the BSS problem for model (2) is
the vector h that minimizes IðyÞ: Mutual informa-
tion has been already used in BSS by several
authors (e.g., [1,10,12,22]).
For minimizing IðyÞ with respect to h; gradient

based methods may be applied. To construct such
a method, knowing the ‘‘differential’’ of the
mutual information, that is, its variation resulting
from a small deviation in its argument, is very
useful. Such a nonparametric differential has been
recently proposed [8] (see also Section 3).
The aim of this paper is to consider two general

gradient based approaches (which are called
‘‘gradient’’ and ‘‘minimization–projection’’ ap-
proaches) for minimizing mutual information of
y in a model like (2). These new approaches, and
model (2), are quite general and can be used in any
mutual information minimization problem. In
BSS, they provide powerful tools for having a
unifying approach for separating any complicated
(yet separable) mixing model. As some examples,
we use these approaches for separating four
separable mixing models (see Section 4). More-
over, it is shown in this paper that mutual
information has no ‘‘local minimum’’ (see Theo-
rem 2 and Remark 2 after the theorem).
The paper is organized as follows. In Section 2,

multi-variate score functions and score func-
tion difference (SFD) are introduced and their
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properties are discussed. Using SFD, the ‘‘gradi-
ent’’ of mutual information is presented in
Section 3. Using properties of multi-variate score
functions and SFD, we propose estimation algo-
rithms for estimating multi variate score functions
in Section 4. Two general approaches for mini-
mizing mutual information are then introduced in
Section 5. These approaches are used for blind
separating four separable models, presented in
Section 6: linear instantaneous mixtures in Section
7, linear convolutive mixtures in Section 8, post
nonlinear (PNL) mixtures in Section 9 and
convolutive post nonlinear (CPNL) mixtures in
Section 10.
2. Multi-variate score functions

Multi-variate score functions have been first
introduced in [3], by extending the concept of score
function of a random variable to random vectors.
The ‘‘gradient’’ of mutual information can be
expressed in terms of these score functions (see
Theorem 1). This section starts with a review of
definitions, and continues by discussing their
properties.

2.1. Definitions

Recall the definition of the score function of a
random variable:

Definition 1 (score function). The score function
of a scalar random variable x is the opposite of the
log derivative of its density, that is, cxðxÞ9�
d
dx
ln pxðxÞ ¼ �

p0xðxÞ

pxðxÞ
; where px denotes the prob-

ability density function (PDF) of x.

In conjunction with this definition, we define
two different types of score functions for a random
vector x ¼ ðx1; . . . ; xNÞ

T:

Definition 2 (MSF). The marginal score function
(MSF) of x is the vector of score functions of its
components, that is, wxðxÞ9ðc1ðx1Þ; . . . ;cN ðxNÞÞ

T;
where

ciðxiÞ9�
d

dxi

ln pxi
ðxiÞ ¼ �

p0xi
ðxiÞ

pxi
ðxiÞ
. (4)
Definition 3 (JSF). The joint score function (JSF)
of x is the gradient of ‘‘� ln pxðxÞ’’, that is
uxðxÞ9ðj1ðxÞ; . . . ;jNðxÞÞ

T; where

jiðxÞ9�
q
qxi

ln pxðxÞ ¼ �
q=qxipxðxÞ

pxðxÞ
. (5)

We will see that the difference of these two score
functions contains a lot of information about the
independence of the components of a random
vector. Thus, it worths to give it a formal name.

Definition 4 (SFD). The score function difference
(SFD) of x is the difference of its MSF and JSF,
that is, bxðxÞ9wxðxÞ � uxðxÞ:

2.2. Properties

The first property presented here points out that
SFD contains information about the independence
of the components of a random vector:

Property 1. The components of a random vector

x ¼ ðx1; . . . ; xNÞ
T are independent if and only if

bxðxÞ � 0; that is, if and only if uxðxÞ ¼ wxðxÞ:

The proof is simple and can be found in [3].

Property 2. For a random vector x ¼ ðx1; . . . ;xN Þ
T

biðxÞ ¼
q
qxi

ln pðx1; . . . ;xi�1; xiþ1; . . . ; xN jxiÞ, (6)

where biðxÞ denotes the ith component of the SFD

of x:

Proof. Without loss of generality, let i ¼ 1: Then

b1ðxÞ ¼ c1ðx1Þ � j1ðxÞ

¼
q
qx1
ln pxðxÞ �

q
qx1
ln px1

ðx1Þ

¼
q
qx1
ln

pxðx1; . . . ;xN Þ

px1
ðx1Þ

¼
q
qx1
ln px2;...;xN

ðx2; . . . ; xN j x1Þ: & ð7Þ

It is interesting to note the relationship between
this property and Property 1. For example, for the
two-dimensional case, (6) becomes

b1ðx1; x2Þ ¼
q
qx1
ln pðx2 j x1Þ, (8)
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b2ðx1;x2Þ ¼
q
qx2
ln pðx1 j x2Þ. (9)

In other words, b1ðx1; x2Þ ¼ 0 if pðx2jx1Þ does not
depend on x1; that is, when x1 and x2 are
independent. For the N-dimensional case too,
biðxÞ ¼ 0 if ‘‘xi and the other components of x
are independent’’, that is, if pðx1; . . . ; xi�1; xiþ1; . . . ;
xN jxiÞ ¼ pðx1; . . . ;xi�1;xiþ1; . . . ;xN Þ; or pðxÞ ¼

pðx1; . . . ;xi�1;xiþ1; . . . ;xN ÞpðxiÞ; 8i ¼ 1; . . . ; n:

The next property is, in fact, the generalization
of a similar property of the score function of a
scalar random variable [14,28].

Property 3. Let x be a random vector with density

px and JSF ux (whose ith component is denoted by

jiðxÞ).Moreover, let f ðxÞ be a multivariate function

with continuous partial derivatives such that

lim
xi!�1

Z
x1;...;xi�1;xiþ1;...;xN

f ðxÞ

� pxðxÞdx1 � � �dxi�1 dxiþ1 � � � dxN ¼ 0, ð10Þ

then

Eff ðxÞjiðxÞg ¼ E
qf

qxi

ðxÞ

� �
. (11)

Note that condition (10) is not too restrictive
for usual sources, because for most physical
signals, pxðxÞ decreases rapidly when kxk goes to
infinity. Indeed, most real-world signals are
‘‘bounded’’ (finite energy), and for them (10)
holds.

Proof. Without loss of generality, let i ¼ 1: We
write

Eff ðxÞj1ðxÞg ¼
Z

f ðxÞj1ðxÞpxðxÞdx

¼ �

Z
x2;...;xN

Z
x1

f ðxÞ
qpxðxÞ

qx1

�dx1 dx2 � � � dxN . ð12Þ

Now, by applying integration by parts for the
inner integral and using (10) the desired relation
will be obtained. &

Corollary 1. For bounded random vector x;
EfjiðxÞxjg is equal to one for i ¼ j and is equal to
zero for iaj: In matrix form, EfuxðxÞx
Tg ¼ I;

where I denotes the identity matrix.

Corollary 2. Suppose we would like to estimate

jiðxÞ by a parametric function f ðx;wÞ; where w ¼

ðw1; . . . ;wK Þ
T is the parameters vector. Then

argmin
w

EfðjiðxÞ � f ðx;wÞÞ2g

¼ argmin
w

Eff 2ðx;wÞg � 2E
qf

qxi

ðx;wÞ

� �� �
.

ð13Þ

This corollary shows a nice property of JSF: even

without priors about jiðxÞ; we can design a

minimum mean square error (MMSE) estimator

for it.

Property 4. For a random vector x ¼ ðx1; . . . ;xN Þ
T

we have

ciðxÞ ¼ EfjiðxÞ j xi ¼ xg, (14)

where ji and ci denote the ith component of JSF

and MSF of x; respectively.

Proof. Without loss of generality let i ¼ 1: Then

Efj1ðxÞ j x1g ¼
Z

x2;...;xN

j1ðxÞ pðx2; . . . ; xN j x1Þ

�dx2 � � �dxN

¼ �

Z
x2;...;xN

q
qx1

pxðxÞ

pðxÞ

pðxÞ

px1
ðx1Þ

�dx2 � � �dxN

¼ �
1

px1
ðx1Þ

�
q
qx1

Z
x2;...;xN

pðxÞdx2 � � � dxN

¼ �
1

px1
ðx1Þ

q
qx1

px1
ðx1Þ

¼ c1ðx1Þ, ð15Þ

which proves the property. &

The above property needs more discussion.
Consider ji as a function

3 of xi; denoted by
jiðxiÞ: If xi is independent from the other
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Fig. 1. j1 and c1 versus x1 in the presence of statistical dependence.
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variables, then Property 1 implies jiðxiÞ ¼ ciðxiÞ:
Now, if the other variables depend on xi; jiðxiÞ is
no longer equal to ciðxiÞ; however, the above
property states that its ‘‘mean’’ will be still equal to
ciðxiÞ: In other words, the statistical dependence,
can introduce some fluctuations in jiðxiÞ; but only
around its constant ‘‘mean’’. We will later use this
property for estimating SFD.

Example. Let s1 and s2 be two independent
random variables with uniform distributions on
the interval ½�0:5; 0:5�: Consider now random
variables x19s1 and x29s2 þ ks1: For k ¼ 0; x1
and x2 are independent and hence j1ðx1Þ ¼ c1ðx1Þ:
Now, if k varies, c1ðx1Þ remains unchanged
(because it does not depend on k) but j1ðx1Þ will
change. However, Property 4 states that its
‘‘mean’’ remains unchanged. Fig. 1 shows the
estimated4 j1ðx1Þ and c1ðx1Þ for k ¼ 0:5:
4These curves have been obtained by using kernel estimators

(see Section 4.1).
Therefore, it is concluded that: The SFD is, in

fact, a measure of the variations of JSF (around its
smoothed value).

Property 5. Let y ¼ Bx; where x and y are random

vectors and B is a nonsingular square matrix. Then

uyðyÞ ¼ B�TuxðxÞ. (16)

Proof. From y ¼ Bx we have

pyðyÞ ¼
pxðxÞ

j detBj
) ln pxðxÞ

¼ ln pyðyÞ þ ln jdetBj. ð17Þ

Therefore, for i ¼ 1; . . . ;N

jx;iðxÞ ¼ �
q
qxi

ln pxðxÞ ¼ �
q
qxi

ln pyðyÞ

¼ �
X

k

q
qyk

ln pyðyÞ
qyk

qxi

¼
X

k

bki jy;kðyÞ, ð18Þ
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where jx;iðxÞ and jy;iðyÞ denote the ith compo-
nents of the JSFs of x and y; respectively. From
the above relation, we have uxðxÞ ¼ BTuyðyÞ;
which proves the property. &
3. ‘‘Gradient’’ of mutual information

In this section, we use the multivariate score
functions defined previously, for deriving a ‘‘gra-
dient’’ for mutual information. The variation of
mutual information resulting from a small devia-
tion in its argument (it may be called ‘‘differential’’
of mutual information) is given by the following
theorem [8].

Theorem 1 (Differential of mutual information).
Let x be a bounded random vector, and let D be a

‘small’ random vector with the same dimension, then

Iðxþ DÞ � IðxÞ ¼ EfDTbxðxÞg þ oðDÞ, (19)

where bx is the SFD of x; and oðDÞ denotes higher

order terms in D:

Remark. Eq. (19) may be stated in the following
form (which is similar to what is done in [23]):

Iðxþ EyÞ � IðxÞ ¼ EfðEyÞTbxðxÞg þ oðEÞ, (20)

where x and y are bounded random vectors, E is a
matrix with small entries, and oðEÞ stands for a
term that converges to zero faster than kEk: This
equation is mathematically more sophisticated,
because it defines more formally the term ‘small
random vector’ which is used in (19) without any
formal mathematical definition. Conversely, (19) is
simpler, and easier to use in developing gradient
based algorithms for optimizing a mutual infor-
mation.

Recall that for a multivariate (differentiable)
function f ðxÞ we have

f ðxþ DÞ � f ðxÞ ¼ DTðrf ðxÞÞ þ oðDÞ. (21)

A comparison of this equation with (19) shows
that SFD can be called (or viewed as) the

‘‘stochastic gradient’’ of mutual information.
Recall now Property 1, which states that SFD is

zero if and only if IðxÞ is minimum (zero). For a
usual multivariate function f ðxÞ; rf ðxÞ ¼ 0 is only
a necessary condition for x to be a global
minimum of f (because it holds for every local
minimum, too). However, if this condition be-
comes also a sufficient condition for a function f, it
can be concluded that all minimums of f are
global. Considering SFD as a ‘‘gradient’’ for
mutual information, Property 1 states that vanish-
ing the gradient of mutual information is a
necessary and also a sufficient condition for I to
be minimum (zero). This leads us to the conclusion
that mutual information has no ‘‘local minima’’.
This fact is more formally stated in the following
theorem:

Theorem 2. Let x0 be a random vector with a

continuously differentiable PDF. If for any ‘‘small’’
random vector D; Iðx0ÞpIðx0 þ DÞ holds, then

Iðx0Þ ¼ 0:

Proof. Recall that for a usual multivariate func-
tion f, if rf ðxÞa0; then a small variation in the
opposite direction of the gradient results in a
reduction in the value of the function. In other
words, f ðxþ DÞof ðxÞ; where D ¼ �mrf ðxÞ and m
is a small positive constant. This result can be seen
by letting D ¼ �mrf ðxÞ in (21), and using the fact
that krf ðxÞk240: Now, we apply a similar reason-
ing for I, and combining it with Property 1 proves
the theorem.
Assuming 8D; Iðx0ÞpIðx0 þ DÞ holds, if

bx0
ðxÞa0 (which is, by Property 1, equivalent to

Iðx0Þa0), then a small variation in its opposite
direction must reduce mutual information. In
other words, if we let D ¼ �mbx0

ðx0Þ; then using
Theorem 1 we have (up to first order terms)

Iðx0 þ DÞ � Iðx0Þ ¼ �mEfkbx0
ðx0Þk

2go0 (22)

(see also Remark 1 below). Hence Iðx0 þ

DÞoIðx0Þ; which is a contradiction. Consequently,
bx0
ðxÞ must be zero. By Property 1, this is

equivalent to Iðx0Þ ¼ 0; that is, I is in its global
minimum. &

Remark 1. In the above proof, for writing (22), we
need to conclude Efkbx0

ðx0Þk
2ga0 by knowing

that bx0
ðxÞ is not identically zero. This certainly

holds if the PDF of x0 is continuously differenti-
able, as assumed in the theorem. However, it also
holds for every ‘‘usual’’ random vector, and the
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required restriction is highly less than having a
continuously differentiable PDF for x0:

Remark 2. Although the above theorem guaran-
tees that the mutual information has no local
minimum, it expresses nothing about the local
minimum of a parametric separating system with
respect to the parameter space. In other words, for
the nonlinear separating system y ¼ gðx;wÞ; the
function hðwÞ ¼ IðyÞ may have some local minima
with respect to the parameter vector w: For
example, if we consider the following mixing
system (corresponding to a rotation with angle y):

y1

y2

 !
¼
cos y � sin y

sin y cos y

� 	
s1

s2

 !
, (23)

then it has been shown [20,32] that hðyÞ ¼ Iðy1; y2Þ
may contain local minima with respect to y;
specially when s1 and s2 have multimodal PDFs.
This is not in contradiction with the above
theorem, because it is a minimization of mutual
information under constraints. For clarity, think
about a two-variate function z ¼ f ðx; yÞ: Even if f

has no local minima with respect to ðx; yÞ; the
function hðtÞ ¼ f ðxðtÞ; yðtÞÞ may have local minima
with respect to t. In fact, f represents a ‘surface’ in
the 3-dimensional space which has no local
minima, but h represents a ‘curve’ on this surface,
which may have local minima.
The same problem exists, for example, in

MMSE estimation of a nonlinear model: although
the function ð�Þ2 has no local minima, the function
hðwÞ ¼ Efðy� gðx;wÞÞ2g may contain local minima
(as a function of w). The local minimum, can also
be introduced by the estimation method of SFD.
Finally, the theorem does not imply the unique-

ness of the minimum; mutual information may
have several global minima, all of them correspond
to I ¼ 0:
4. Estimating multi-variate score functions

For using SFD in minimizing mutual informa-
tion, it must be first estimated from the observed
data. The MSF of a random vector is nothing but
the score functions of its components, and hence it
can be estimated by any estimation method of a
score function (see for example [14,28,30]). In this
section, the estimation of JSF and SFD is
considered.

4.1. Estimating JSF

The methods presented here for estimating JSF
are, in fact, the generalizations of the correspond-
ing methods for estimating uni-variate score
functions.
(1) Kernel estimators: A multi-variate kernel

function kðxÞ ¼ kðx1; . . . ;xNÞ is defined as the
PDF of a zero mean random vector. That is,
kðxÞ is a kernel function if and only if: (a) 8x 2
RN ; kðxÞX0; (b)

R
RN kðxÞdx ¼ 1 and (c)

R
RN

xkðxÞdx ¼ 0: The bandwidth of the kernel in
direction i is defined as the variance of the ith
component of the corresponding random vector:
hi9

R
RN x2i kðxÞdx:

Let now x be a random vector, from which the
samples fx1; x2; . . . ; xT g have been observed. Then
the kernel estimation of the PDF of x is [17,25]

p̂xðxÞ9
1

T

XT

t¼1

kðx� xtÞ. (24)

And from there, the kernel estimation of the ith
component of JSF will be

ĵiðxÞ9�
q
qxi

p̂xðxÞ

p̂xðxÞ
¼ �

PT
t¼1

qk
qxi
ðx� xtÞPT

t¼1 kðx� xtÞ
. (25)

Remark 1. The bandwidth parameter in the above
equations determines the degree of smoothness of
the estimator: the larger bandwidth, the smoother
estimated PDF. If it is chosen too small, the
estimated PDF will be too fluctuating, and if it is
chosen too large, the estimated PDF will be a
rough shape of the kernel itself. Optimal choice
can be done by cross-validation (see [25] for
instance). However, a rule of thumb is given in
Remark 3 below.

Remark 2. The bandwidth of the kernel can be
different in each direction, which depends on the
spread of data in that direction. However, as
suggested by Fukunaga [16], after a whitening
process on data, we can use isotropic kernels
(kernels with equal bandwidths in all directions).
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To state this idea more clearly, let Rx denote the
covariance matrix of x; and T be its Cholesky
decomposition, i.e., T is an upper triangular
matrix which satisfies Rx ¼ TTT: If we now define
the random vector y ¼ T�1x; then Ry ¼ I; that is,
the variance of y is the same in any directions, and
moreover the variables yi are uncorrelated. Hence,
it is natural to use isotropic kernels for estimating
PDF and JSF of y; and then we can use the
equations (see Property 5):

p̂xðxÞ ¼
p̂yðyÞ

jdetTj
; ûxðxÞ ¼ T�TûyðyÞ (26)

for estimating PDF and JSF of x:

Remark 3. When the above prewhitening is done,
as a rule of thumb the value hopt ¼ cN�1=ðdþ4Þ can
be used for the bandwidth [25], where d is the
dimension of the random vector, and c is a
constant which depends on the type of the kernel.
For d-dimensional Gaussian kernels

c ¼
4

2d þ 1

� 	1=ðdþ4Þ
. (27)

For example, for scalar Gaussian kernels c � 1:06;
and for 2-dimensional Gaussian kernels c � 0:96:

(2) Minimum mean square error (MMSE)
estimation: Property 3 can be used in designing
minimum mean square error (MMSE) estimators
for jiðxÞ (see also Corollary 2 of the property).
Here we consider a parametric model which is
linear with respect to the parameters.
Let jiðxÞ be estimated as a linear combination

of multi-variate functions fk1ðxÞ; . . . ; kLðxÞg; that
is, ĵiðxÞ ¼

PL
j¼1 wjkjðxÞ ¼ kTðxÞw; where kðxÞ9

ðk1ðxÞ; . . . ; kLðxÞÞ
T; and w9ðw1; . . . ;wLÞ

T: w must
be computed by minimizing the error:

E ¼ EfðjiðxÞ � ĵiðxÞÞ
2
g. (28)

Orthogonality principle [21] implies that
EfkðxÞðjiðxÞ � ĵiðxÞÞg ¼ 0; and by using Property
3 we obtain the following equation which deter-
mines w:

EfkðxÞkTðxÞgw ¼ E
qk
qxi

ðxÞ

� �
. (29)
4.2. Estimating SFD

Since SFD is the gradient of mutual informa-
tion, we are mainly interested in estimating
SFD, and not only JSF. Therefore, in this
section, we consider some methods for SFD
estimation.
(1) Independent estimations of JSF and MSF:

One method for estimating SFD, is to estimate
independently JSF and MSF, and then to compute
their difference. That is, b̂xðxÞ ¼ ŵxðxÞ � ûxðxÞ:
We may apply kernel or MMSE estimation of the
joint and marginal score functions.

Example (Polynomial estimation of SFD). The
following estimator is applied successfully in [3]
for separating convolutive mixtures of two
sources. jiðx1;x2Þ is estimated by the polynomial
ĵiðx1;x2Þ ¼

P7
j¼1 wij kjðx1; x2Þ; where

k1ðx1; x2Þ ¼ 1; k2ðx1;x2Þ ¼ x1,

k3ðx1; x2Þ ¼ x21; k4ðx1; x2Þ ¼ x31,

k5ðx1; x2Þ ¼ x2; k6ðx1; x2Þ ¼ x22,

k7ðx1; x2Þ ¼ x32. ð30Þ

Consequently

kðx1;x2Þ ¼ ð1 x1 x21 x31 x2 x22 x32Þ
T, (31)

q
qx1

kðx1;x2Þ ¼ ð0 1 2x1 3x
2
1 0 0 0Þ

T, (32)

q
qx2

kðx1;x2Þ ¼ ð0 0 0 0 1 2x2 3x
2
2Þ
T. (33)

Then from (29) we have

Efkðx1; x2Þkðx1; x2Þ
T
gw1

¼ E
q
qx1

kðx1; x2Þ

� �
, ð34Þ

Efkðx1; x2Þkðx1; x2Þ
T
gw2

¼ E
q
qx2

kðx1; x2Þ

� �
, ð35Þ

where w19ðw11;w12; . . . ;w17Þ
T and w29ðw21;

w22; . . . ;w27Þ
T: These equations determine w1 and

w2; which determine ĵ1ðx1; x2Þ and ĵ2ðx1;x2Þ:
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Similarly, ciðxiÞ is estimated by ĉiðxiÞ ¼ w
ðiÞ
1 þ

w
ðiÞ
2 xi þ w

ðiÞ
3 x2i þ w

ðiÞ
4 x3i ; and the optimal values of

the coefficients are obtained from

Efð1 xi x2i x3i Þ
T
ð1 xi x2i x3i Þgw

ðiÞ

¼ Efð0 1 2xi 3x
2
i Þ
T
g, ð36Þ

where wðiÞ9ðwðiÞ1 ; . . . ;w
ðiÞ
4 Þ
T for i ¼ 1; 2:

Finally, the SFD is estimated by using the
above estimations, that is, b̂1ðx1;x2Þ ¼ ĉ1ðx1Þ �
ĵ1ðx1;x2Þ and b̂2ðx1;x2Þ ¼ ĉ2ðx2Þ � ĵ2ðx1; x2Þ:
(2) Smoothing JSF: The problem of the previous

method is that the estimation errors of JSF and
MSF are independent. Recall that a gradient based
algorithm for minimizing the mutual information
stops when SFD (the difference between MSF and
JSF) vanishes. However, small estimation errors
EfðuðxÞ � ûðxÞÞ2g and EfðwðxÞ � ŵðxÞÞ2g does not
necessarily results in a small estimation error
EfðbðxÞ � b̂ðxÞÞ2g: In other words, when the MSF
and JSF estimation errors are independent, their
difference does not necessarily vanish for indepen-
dent variables. In linear mixtures, the limited
degree of freedom of the separating system over-
comes this problem and the above estimator works
well. On the contrary, nonlinear mixtures require
more accurate estimation of the SFD.
Then we suggest to estimate MSF from the

estimated JSF. From Property 4 we know that
MSF is the smoothed version of JSF. Therefore,
we can estimate MSF as the smoothed version of
the estimated JSF. With this trick, the estimation
errors in JSF and MSF are no longer independent,
and they partially cancel each other when calculat-
ing their difference. In other words, in this
method, SFD is estimated as the variations of
JSF around its mean (see Fig. 1), and hence the
separation algorithm tries to minimize these
variations.
Practically, following Property 4, ciðxiÞ is a

regression from xi to jiðxÞ; which can be
calculated for instance using smoothing splines
[15]. The final estimation procedure is summarized
in the following steps:
(1)
 From the observed values fx1;x2; . . . ;xT g

estimate ĵi;t ¼ ĵiðxtÞ; t ¼ 1; . . . ;T (e.g., by
kernel estimators).
(2)
 Compute the smoothing spline (or another
regressor) which fits on the data ðxi;t; ĵi;tÞ;
t ¼ 1; . . . ;T : This spline will be the estimated
MSF ĉiðxiÞ:
(3)
 Estimate SFD by b̂xðxÞ ¼ ŵxðxÞ � ûxðxÞ:
(3) Histogram estimation method: Another
method for estimating SFD (in two dimensional
case) is based on a simple histogram estimation of
the PDF of x: Histogram is not a very accurate
estimator for PDF, but since we estimate SFD
directly, we do not need a very good estimation of
PDF. In fact, despite its simplicity, this estimator
works very well for separating linear instantaneous
mixtures.
In this method, a histogram is first used for

estimating the joint PDF of x: For two-dimen-
sional vectors, let Nðn1; n2Þ denote the number of
observations in the bin ðn1; n2Þ; then the histogram
estimation of px is

pðn1; n2Þ ¼
Nðn1; n2Þ

T
, (37)

where T is the number of observations. From
there, a histogram estimation of px1

is obtained by
p1ðn1Þ ¼

P
n2

pðn1; n2Þ; and then we will have an
estimation of pðx2jx1Þ

pðn2jn1Þ ¼
pðn1; n2Þ

p1ðn1Þ
¼

Nðn1; n2Þ

Nðn1Þ
. (38)

Finally, from (8) we have b1ðx1; x2Þ ¼
ð qqx1

pðx2jx1ÞÞ=ðpðx2jx1ÞÞ; consequently a histogram
estimation of b1ðx1; x2Þ is obtained by

b1ðn1; n2Þ ¼
pðn2jn1Þ � pðn2jn1 � 1Þ

pðn2jn1Þ
. (39)

b2ðn1; n2Þ will be estimated in a similar manner.
Note that the value bðn1; n2Þ will be assigned to all
the points of the bin ðn1; n2Þ:

Note: pðn2jn1Þ is not defined in the bins where
p1ðn1Þ ¼ 0: But this is not important, because we
do not need the value of SFD in these bins, since
there is no point in these bins. However, in the bins
with smallest n1; computing b1ðn1; n2Þ from (39)
requires the value of pðn2jn1 � 1Þ which is not
defined. In our simulations, we have used 0 for
these values, too.
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5The scalar (Euclidean) product of two p� q matricesM and

N is defined by hM;Ni9
P

i;j mijnij : Moreover, it can be easily
seen that for vectors x and y and matrix A we have xTAy ¼

hA; xyTi:
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(4) Pham’s method: Recently Pham has pro-
posed [24] a method for estimating the ‘‘condi-
tional score function’’, which appears in separating
temporary correlated sources. The conditional
score function of the random vector x ¼

ðx1; . . . ;xN Þ
T is defined by

wxN jxN�1���x1
ðxN jxN�1; . . . ;x1Þ

9� r ln pxN jxN�1���x1
ðxN jxN�1; . . . ; x1Þ, ð40Þ

where pxN jxN�1���x1
ðxN jxN�1; . . . ;x1Þ is the condi-

tional density of xN given x1; . . . ; xN�1: From
Property 2, it is seen that this is closely related to
the SFD of x; and its estimation can be used to
estimate SFD. The Pham’s method uses cubic
splines for this estimation, which results in a fast
algorithm.

5. Two general approaches for mutual information

minimization

In this section, we propose two gradient-based
approaches for minimizing IðyÞ with the model of
Eq. (2). These approaches are both based on
Theorem 1 and SFD as a non-parametric gradient
for mutual information.

5.1. Gradient approach

In the first approach, Theorem 1 is used to
calculate qIðyÞ=qh; and then applying the steepest
descent algorithm on the parameter vector

h h� m
qIðyÞ

qh
. (41)

For calculating qIðyÞ=qh using Theorem 1, one can
let ĥ ¼ hþ d where d is a ‘small’ deviation in the
parameters. Then using Theorem 1 the effect of
this deviation on the output can be calculated,
which leads to the calculation of qIðyÞ=qh:

Example 1. For linear instantaneous mixtures,
y ¼ Bx: Here the separation parameter is the
matrix B: Let B̂ ¼ Bþ E; where E is a ‘small’
matrix. Then the new output is ŷ ¼ B̂x ¼ Bxþ

Ex ¼ yþ Ex: Consequently, from Theorem 1

Î � I ¼ EfbTy ðyÞExg ¼ hE;EfbyðyÞx
Tgi, (42)
where h:; :i stands for the scalar (Euclidean)
product of matrices.5 Finally (42) shows that

qIðyÞ

qB
¼ EfbyðyÞx

Tg (43)

and the separation algorithm will be B B�

mEfbyðyÞx
Tg; where m is a small positive constant.

Example 2. In convolutive mixtures, the separat-
ing system is

yðnÞ ¼ B0xðnÞ þ B1xðn� 1Þ

þ � � � þ Bpxðn� pÞ. ð44Þ

To calculate qIðyðnÞÞ=qBk; let B̂k ¼ Bk þ E; where
E denotes a ‘small’ matrix. This implies that ŷðnÞ ¼
yðnÞ þ Exðn� kÞ; and then by a reasoning similar
to the above example, we conclude

qIðyðnÞÞ

qBk

¼ EfbyðnÞðyðnÞÞx
Tðn� kÞg. (45)

However, the above gradient cannot be directly
used for separating convolutive mixtures, since
some other points must be taken into account (see
Section 8).

5.2. Minimization-projection (MP) approach

Since SFD can be seen as the ‘gradient’
of mutual information, one may think about
the following ‘‘steepest descent’’-like algorithm
for minimizing IðyÞ in a parametric model
y ¼ Gðx; hÞ:

y y� mbyðyÞ, (46)

where m is a small positive constant. This
algorithm has no local minimum and converges
to a random vector y with statistically independent
components (provided that m is small enough). To
show this fact, let yn denote the value of y at the nth
iteration. Then ynþ1 ¼ yn � mbyn

ðynÞ; and from
Theorem 1

Iðynþ1Þ � IðynÞ ¼ � mEfkbyn
ðynÞk

2gp0

) Iðynþ1ÞpIðynÞ. ð47Þ



ARTICLE IN PRESS

M. Babaie-Zadeh, C. Jutten / Signal Processing 85 (2005) 975–995 985
Moreover the equality holds if and only if byn
ðynÞ ¼

0; that is, if the components of yn are independent
(Property 1). Consequently, algorithm (46) con-
verges to an independent vector without trapping
in any local minimum.
However, after the convergence of algorithm

(46), there may be no particular relation between y
and x: On one hand, the transformation x 7!y may
be noninvertible, and on the other hand, it does
not necessarily belong to the desired family y ¼

Gðx; hÞ; and hence the independence of y does not
imply the source separation (recall that without
structural constraints, output independence does
not insure separation). Then, the idea of the MP
approach [7] for overcoming this problem is to
replace, at each iteration, the transformation x7!y

by its ‘‘projection’’ on the desired family. In other
words, each iteration of the separating algorithm is
composed of the following steps:
�
 Minimization:
(1) y y� mbyðyÞ:

�
 Projection:
(2) h0 ¼ argminh Efky� Gðx; hÞk2g:
(3) y ¼ Gðx; h0Þ:
Note that the dependence of the algorithm to the
separating system appears only in the projection
step: the minimization step is the same for all
separating models.

Remark. The minimization part of the MP ap-
proach has no local minimum, and the outputs are
directly manipulated regardless of the structure of
the separating system. Consequently, it can be
conjectured that it is less probable that this
approach traps in a local minimum compared to
the gradient approach, in which a steepest descent
algorithm is applied on each parameter of the
separating system. In other words, the MP
approach is expected to have better convergence
behavior than the gradient approach.
6. Some separable models for blind source

separation

In the following sections, we will use the
presented gradient and MP approaches for blind
source separation. In BSS, a parametric model for
the separating system is required, because general
nonlinear mixtures are not separable [19] (i.e., the
output independence does not insure source
separation). Four separable models, for which,
separation algorithms will be addressed in the
following sections are:
(1) Linear instantaneous mixtures: This is the

simplest case, in which the mixing system is x ¼ As

and the separating system is y ¼ Bx; where A

and B are constant (and regular) matrices. For
these mixtures, it is shown [12] that the indepen-
dence of the outputs insures source separation, up
to a scale and a permutation indeterminacy
(provided that there is at most one Gaussian
source).
(2) Convolutive mixtures: In convolutive mix-

tures, the mixing matrix composed of finite
order linear time-invariant (LTI) filters instead
of scalars. For these mixtures, the separation
system is

yðnÞ ¼ ½BðzÞ�xðnÞ ¼
Xp

k¼0

Bkxðn� kÞ. (48)

As it has been proved in [33], convolutive mixtures
are separable, too: if BðzÞ is determined to produce
statistically independent outputs, then the sources
are separated.
In convolutive mixtures, the scale indeterminacy

of instantaneous mixtures extends to a filtering

indeterminacy. However, it can be shown [26]
that the effect of each source on each sensor
(that is, what a sensor would receive if all other
sources were zero), can be found after the source
separation.
In convolutive mixtures, the independence of

outputs cannot be reduced to instantaneous
independence of y1ðnÞ and y2ðnÞ [3]. In effect, in
convolutive mixtures, y1 and y2 must be treated as
stochastic processes, not random variables. Recall
that two stochastic processes y1 and y2 are
independent if the set of random variables
fy1ðn1Þ; . . . ; y1ðnkÞg is independent from the set
fy2ðn

0
1Þ; . . . ; y2ðn

0
kÞg; for every choice of k and

n1; . . . ; nk; n01; . . . ; n
0
k [21]. This independence can-

not be deducted from the instantaneous indepen-
dence of y1ðnÞ and y2ðnÞ:
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However, for separating convolutive mixtures,
it is sufficient that y1ðnÞ and y2ðn�mÞ be
independent for all ns and all ms. This comes
from the fact that this independence results in
cancelling output bi-spectra, which is shown to be
sufficient for separating convolutive mixtures [33].
Consequently, as proposed in [9] the separation
criterion may be chosen:

J ¼
XþM

m¼�M

Iðy1ðnÞ; y2ðn�mÞÞ, (49)

where M ¼ 2pþ 1; and p is the degree of the
separating filter (BðzÞ). This criterion is computa-
tionally expensive. To reduce its computational
cost, we use Iðy1ðnÞ; y2ðn�mÞÞ as the separation
criterion, but at each iteration a different random
m is chosen form f�M ; . . . ;Mg:
(3) PNL mixtures: PNL mixtures have been first

considered by Taleb and Jutten [30], as a
(practically important) special case of nonlinear
mixtures which is separable. The PNL mixing-
separating system is shown in Fig. 2. This model
corresponds to a linear mixing system followed by
nonlinear sensors. For this model, it is shown that
the independence of outputs insures that gi ¼ f �1i

and B is a separating matrix [30] up to scale and
permutation indeterminacies like in linear mix-
tures (see [5] for a simple geometric proof for
bounded sources). In other words, PNL mixtures
are separable: independence is sufficient for
estimating the separating structure and restoring
the sources.
(4) CPNL mixtures: This model is a general-

ization of PNL models, in which the mixing and
separating matrices are convolutive, i.e., A and B

(with scalar entries) are replaced by filter matrices
AðzÞ and BðzÞ (where entries are filters) in Fig. 2.
The separability of this model can be deduced
from the separability of PNL mixtures [4], for
finite impulse response filters.
Fig. 2. The mixing-separating system for PNL mixtures.
7. Application to linear instantaneous mixtures

Here, as an illustration of the ‘‘gradient’’ and
‘‘MP’’ approaches, we utilize them for separating
linear instantaneous mixtures. All of the algo-
rithms and programs of this section are avail-
able as a MATLAB package with a graphical
interface at

http://www.lis.inpg.fr/pages_per-
so/bliss/deliverables/d20.html
7.1. Gradient approach

For these mixtures, the gradient of IðyÞ with
respect to B has been obtained in Eq. (43).
However, in linear instantaneous mixtures, it is
preferable to use the equivariant algorithm [2,11],
which results in a separation quality independent
of the mixing matrix. In equivariant algorithm,
instead of qI

qB ; the relative [11] (or natural [2])
gradient is used:

rBI9
qI

qB
BT ¼ EfbyðyÞ y

Tg (50)

and the updating algorithm for B is

B ðI� mrBIÞB, (51)

where I denotes the identity matrix.
The scale indeterminacy must also be taken into

account. Algorithm (51), which is based on output
independence, imposes no restriction on the out-
put energies. Moreover, B ¼ 0 is a trivial solution
of the algorithm, which must be prevented. To
solve this problem, the output energies may be
normalized at each step of the algorithm. This
results in the algorithm of Fig. 3 for separating
linear instantaneous mixtures.

Experimental results: To examine the perfor-
mance of the algorithm, we use two uniform
random sources with zero means and unit variances.
The mixing matrix is

A ¼
1 0:7

0:5 1

� 	
(52)

and the parameters of the separating algorithm
are: (a) Histogram estimation of SFD (using a
10� 10 histogram), (b) 500 point data block, and

http://www.lis.inpg.fr/pagesperso/bliss/deliverables/d20.html
http://www.lis.inpg.fr/pagesperso/bliss/deliverables/d20.html


ARTICLE IN PRESS

Fig. 3. Gradient algorithm for separating linear instantaneous

mixtures.

Table 1

Summary of the results of the experiments of the paper

Mixture type Algorithm SNR (in dB) Number of

iterations

Linear instantaneous Gradient 32.4 31

MP 31.7 22

Convolutive Gradient 25.4 86

MP 20.4 108

PNL Gradient 21.4 22

MP 18.7 19

CPNL Gradient 24 1090

MP 24.7 328

SNRs are averaged over 100 experiments.
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(c) m ¼ 0:1: The experiment has been repeated 100
times (for 100 different realizations of the sources).
In this paper, for measuring the quality of

separation, we use two performance indices. The
first, is the mean of output signal-to-noise ratios
(SNR). At each output, the SNR is defined by
(assuming there is no permutation):

SNRi ¼ 10 log10
Efs2i g

Efðsi � yiÞ
2
g
. (53)

Then, as a performance index, we use the mean of
output SNRs, that is, SNR9ðSNR1 þ SNR2Þ=2:
This is done for having just a single number as the
performance index. Moreover, it must be noted
that we use averaged SNRs over several (say 100)
runs of the algorithm, for which SNR1 and SNR2
are essentially equal.
The second performance index is the number of

iterations required for the SNR to reach at 90% of
its final value.
In this experiment, averaged output SNR, taken

over 100 runs of the algorithm was 32.4 dB, and
the number of iterations was 31 (the results of the
experiments of the paper are collected in Table 1).
As it can be seen in this experiment, despite the

simplicity of the SFD estimator (a 10� 10
histogram), a good separation performance has
been obtained. This fact can be explained as
follows. First note that (50) can be rewritten as
(see Corollary 1 of Property 3):

rBI ¼ EfbyðyÞy
Tg ¼ EfwyðyÞy

Tg � EfjyðyÞy
Tg

¼ EfwyðyÞy
Tg � I, ð54Þ
which is the equation used in the previous methods
of separating linear instantaneous mixtures by
mutual information minimization [28]. Practically,
this equation is simpler than (50), because it
only requires estimation of marginal score func-
tions. However, the separation information (in-
dependence) is contained in the averaged SFD,
as the gradient of the mutual information, and
the separating algorithms will stop when it
vanishes. Moreover, SFD is the difference of
two terms. In (54), one of these terms is
theoretically computed. Hence, a good estima-
tion of the other term is required for source
separation (because the difference of the two
terms must vanish for the convergence of the
algorithm). But in our method which is based on
the direct use of the SFD, since it is directly
estimated, a good estimation of B can be achieved
even with a coarse estimation of the SFD (e.g., a
simple histogram).
Another advantage of this method (based on

SFD) is that it can be readily generalized to more
complicated mixtures (as it will be shown in the
following sections), while the use of (54) is
restricted to linear instantaneous mixtures. The
drawback of the methods based on SFD is the
necessity of the estimation of a multi-variate
density, which is quite difficult, and requires a
high computation cost and a lot of data, when the
dimension (i.e., the number of sources) increases.
Practically, this method is applicable only for a
small number of sources (at most 3 or 4).
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7.2. MP approach

In the MP approach, the minimization stage
(step 1) does not depend on the separating model.
The projection stage for linear instantaneous
mixtures requires calculating the matrix B which
minimizes Efky� Bxk2g (step 2), and then repla-
cing y by Bx (step 3). The solution of step 2 is
given by the following well-known lemma.

Lemma 1. The matrix B which minimizes Efky�

Bxk2g is

Bopt ¼ EfyxTgðEfxxTgÞ�1. (55)

Taking into account the scale indeterminacy, the
final MP algorithm for separating linear instanta-
neous mixtures is given in Fig. 4.

Experimental results: We repeat the experiment
of Section 7.1 using the MP approach. The source
signals are two uniform random signals with zero
means and unit variances. The mixing matrix is the
same as (52). The parameters of the separating
algorithm are like Section 7.1: (a) Histogram
estimation of SFD, (b) 500 point data block, and
(c) m ¼ 0:1: The averaged SNRs taken over 100
runs of the algorithm, and the number of required
iterations for convergence are given in Table 1.
Here, for linear instantaneous mixtures and the

histogram estimation of SFD, the MP approach
shows no advantages or disadvantages to the
gradient approach. However, as our experiences
show for more complicated mixtures (and for
other estimation methods of SFD), the MP
approach has, in general, better convergence
behavior (as discussed at the end of Section 5.2)
Fig. 4. MP algorithm for separating linear instantaneous

mixtures.
and converges in fewer iterations, while the
gradient approach leads to slightly higher output
SNRs.
8. Application to convolutive mixtures

In this section, we show how the gradient and
the MP approaches can be used in separating
convolutive mixtures of two sources.

8.1. Gradient approach

To use the gradient approach, q
qBk

Iðy1ðnÞ; y2ðn�
mÞÞmust be first calculated. Although this gradient
is directly calculated in [3], here, we recalculate it
using the general approach of Section 5.1 and
Theorem 1, to show how this general approach can
be used in convolutive mixtures.
For calculating this gradient, we first define

the following notation for any signal yðnÞ ¼

ðy1ðnÞ; y2ðnÞÞ
T:

yðmÞðnÞ9
y1ðnÞ

y2ðn�mÞ

 !
. (56)

In other words, yðmÞðnÞ shows a shift operation on
the second component of yðnÞ with respect to the
first one.
Now, the gradient of IðyðmÞðnÞÞ must be calcu-

lated. Let B̂i ¼ Bi for iak and B̂k ¼ Bk þ E; where
E is a ‘‘small’’ matrix. Then, from (48) we conclude
that ŷðnÞ9½B̂ðzÞ�xðnÞ ¼ yðnÞ þ Exðn� kÞ: Denoting
DðnÞ ¼ Exðn� kÞ; we will have ŷðmÞðnÞ ¼ yðmÞðnÞ þ

DðmÞðnÞ; and hence from Theorem 1:

IðŷðmÞðnÞÞ � IðyðmÞðnÞÞ ¼ EfbyðmÞ ðnÞ
TDðmÞðnÞg

¼ EfbyðmÞ;1ðnÞD
ðmÞ
1 ðnÞg

þ EfbyðmÞ;2ðnÞD
ðmÞ
2 ðnÞg

¼ EfbyðmÞ;1ðnÞD1ðnÞg

þ EfbyðmÞ;2ðnÞD2ðn�mÞg

¼ EfbyðmÞ;1ðnÞD1ðnÞg

þ EfbyðmÞ;2ðnþmÞD2ðnÞg,

where byðmÞ ðnÞ stands for byðmÞ ðy
ðmÞðnÞÞ: Note that in

writing the above equations, the sources are
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assumed to be stationary. Now, we define

bmðnÞ9b
ð�mÞ

yðmÞ
ðnÞ ¼

byðmÞ ;1ðnÞ

byðmÞ;2ðnþmÞ

 !
. (57)

In other words, for obtaining bmðnÞ; the second
component of yðnÞ must be shifted m times, then
after calculating its SFD, the second component of
SFD must be shifted back m times

y1ðnÞ

y2ðnÞ

 !
!
Shift

y1ðnÞ

y2ðn�mÞ

 !
!
SFD

b%

1 ðnÞ

b%

2 ðnÞ

 !

!
Shiftback

b%

1 ðnÞ

b%

2 ðnþmÞ

 !
9bmðnÞ.

By using this notation, we can write

Î � I ¼ EfbmðnÞ
TDðnÞg ¼ EfbmðnÞ

TExðn� kÞg

¼ hE;EfbmðnÞxðn� kÞTgi

and finally

q
qBk

Iðy1ðnÞ; y2ðn�mÞÞ

¼ EfbmðnÞxðn� kÞTg. ð58Þ

Now, taking into account the scale indetermi-
nacy, the separation algorithm is obtained as
shown in Fig. 5.

Experimental results: Here, an experimental
result with the algorithm of Fig. 5 is presented.
Because of the filtering indeterminacy, instead of
(53), the SNR is defined here as

SNRi ¼ 10 log10
Efy2i g

Efy2i jsi¼0g
, (59)

where yijsi¼0 stands for what is at the ith output,
where the ith input is zero (assuming there is no
permutation). By using this definition, SNR will be
a measure of ‘‘separation’’, that is, a high SNR
means that there is not a large leakage from the
other sources to this output. However, it can be a
filtered version of the actual source, and a post-
processing can be done for recovering the effect of
this source on each sensor [26] (as mentioned at the
beginning of this section).
Now, we mix two uniform random sources

with zero means and unit variances. The mixing
system is

AðzÞ

¼
1þ 0:2z�1 þ 0:1z�2 0:5þ 0:3z�1 þ 0:1z�2

0:5þ 0:3z�1 þ 0:1z�2 1þ 0:2z�1 þ 0:1z�2

 !
.

ð60Þ

The separation parameters are: second order filters
(p ¼ 2), M ¼ 2pþ 1 ¼ 5; m ¼ 0:3; 500 samples
data block, and the Pham’s method [24] for
estimating SFD. The averaged SNRs (taken over
100 repetitions of the experiment), and the number
of required iterations for convergence are given in
Table 1.

8.2. MP approach

In this section, an algorithm based on the
MP approach (Section 5.2) is developed for
separating convolutive mixtures. The minimiza-
tion step of this algorithm (Eq. (46)) does not
depend on the separating model. The projection
step for convolutive mixtures consists of first
finding the filter BðzÞ which minimizes the error
EfkyðnÞ � ½BðzÞ�xðnÞk2g; and then replacing yðnÞ by
½BðzÞ�xðnÞ:
After doing some algebraic calculations, it can

be found that the filter BðzÞ which minimizes
EfkyðnÞ � ½BðzÞ�xðnÞk2g is given by the following
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system of linear equations (see [9] for details):

Xp

j¼0

BjRxxðj; kÞ ¼ Ryxð0; kÞ; k ¼ 1; . . . ; p, (61)

where

Rxxðj; kÞ9Efxðn� jÞxTðn� kÞg, (62)

Ryxðj; kÞ9Efyðn� jÞxTðn� kÞg. (63)

Finally, taking into account the scale indetermi-
nacy, the MP algorithm for separating convolutive
mixtures is obtained as shown in Fig. 6.

Experimental results: The experiment of Section
8.1 is repeated here using the MP method. The
separation parameters are: second order filters
(p ¼ 2), M ¼ 2pþ 1 ¼ 5; m ¼ 0:1; 500 samples
data block, and the Pham’s method [24] for
estimating SFD. The averaged SNR’s (taken over
100 runs of the algorithm), and the number of
required iterations for convergence are given in
Table 1.
A look at the Table 1 shows that the quality of

the projection approach is slightly less than the
gradient approach. However, as discussed at the
end of Section 5.2, it has better convergence
behavior.
Fig. 6. MP algorithm for separating convolutive mixtures.
9. Application to PNL mixtures

In this section, we consider the application of
the general mutual information minimization
approaches of Section 5 (gradient and MP
approaches) in separating PNL mixtures (Fig. 2).
9.1. Gradient approach

The gradient approach for separating PNL
mixtures has been first reported in [6]. The
parameters of the separating system (Fig. 2) are
the matrix B and the functions gi’s, and for using
the gradient approach, the gradients of IðyÞ must
be calculated with respect to these parameters.
The gradient with respect to B can be obtained

by repeating the calculations done in Example 1 of
Section 5.1 and hence (43) gives the desired
gradient (or (50) for the relative gradient).
For calculating the gradients of IðyÞ with respect

to the functions gi; two different approaches may
be used. The first is a ‘parametric’ approach, in
which, a parametric model for these functions is
assumed, and then the gradients of IðyÞ with
respect to these parameters are calculated. Finally
the steepest descent gradient algorithm is applied
on each parameter of the model. For example,
neural networks and polynomial models have
already been used for modeling gi’s [27,30].
Another approach, which is used in this paper,

is ‘nonparametric’ [6,29]. In this approach, no
parametric model is assumed for gi’s, and the
‘gradient’ of the criterion with respect to these
functions, which is itself a function, is directly
calculated. To clarify the idea, suppose that a cost
function C is to be minimized with respect to a
function gðxÞ: Moreover, suppose that for any
‘small’ function �ðxÞ we have

Cðgþ �Þ � CðgÞ

¼

Z þ1
�1

�ðxÞf ðxÞpðxÞdxþ oð�Þ, ð64Þ

where pðxÞ is a nonnegative function and oð�Þ
stands for higher order terms. Then, it can be said
that the gradient of C with respect to the function
gðxÞ is the function f ðxÞpðxÞ: Equivalently, it can
be said that the gradient of C with respect to g via
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the weighting function pðxÞ is f ðxÞ: The main point
here is that a little movement in the opposite
direction of these gradients (that is, g g� mfp or
g g� mf ) insures a reduction in the cost
function.
Now, for calculating the gradients of IðyÞ with

respect to the functions gi; suppose there is a small
perturbation in these functions of the form ĝi ¼

gi þ �i � gi; where �i denotes a ‘small’ function.
This is equivalent to x̂i ¼ xi þ �iðxiÞ: Using Theo-
rem 1 and after doing some algebraic calculations
(see [6] for details), we will have

IðŷÞ � IðyÞ

¼
X

i

Z 1
�1

�iðxÞEfaiðyÞ j xi ¼ xgpxi
ðxÞdx, ð65Þ

where

aðyÞ9BTbyðyÞ. (66)

From the above equation, we conclude that the
(natural) gradient of IðyÞ with respect to gi via the
weighting function pxi

is

ðrgi
IÞðxÞ ¼ EfaiðyÞ j xi ¼ xg. (67)

We emphasize again that rgi
I is itself a function.

In PNL mixtures, there are scale indeterminacies
on both xi and yi signals, and a mean (DC)
indeterminacy on xi [30]. Moreover, when using
nonparametric methods, a smoothness constraint
is necessary on functions gi [6]. Without any
smoothness constraint, the value of gi at each data
point acts as a parameter, and the number of
parameters will be equal to the number of data
points, which is mathematically ill-posed. To
insure this smoothness, smoothing splines [15]
may be used [6]: at each iteration, gi is the
smoothing spline which has the best fit on the
data points ðxi; aiÞ:
Taking into account these indeterminacies,

the separation algorithm is obtained as shown in
Fig. 7.

Experimental results: As an experiment, two
uniform random sources with zero means and
unit variances are mixed. The mixing system
composed of

A ¼
1 0:5

0:5 1

 !
,

f 1ðxÞ ¼ f 2ðxÞ ¼ 0:1xþ tanhð2xÞ. ð68Þ

Then, we have used the separation algorithm of
Fig. 7 with 1000 data samples, kernel estimation of
SFD (by Gaussian kernels), and m1 ¼ m2 ¼ 0:2:
The separation quality is measured by means of

output SNRs, where each output SNR is defined
in (53). The averaged SNRs taken over 100 runs of
the algorithm, and the number of required
iterations for convergence are given in Table 1.

9.2. MP approach

In this section, an algorithm for separating PNL
mixtures is developed based on the MP approach
(Section 5.2). As usual, the minimization step of
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this algorithm (Eq. (46)) is the same for all mixing-
separating models. The projection step for PNL
mixtures (see Fig. 2), consists in first finding
functions gi and matrix B which minimize Efky�

BgðeÞk2g; and then replacing y by BgðeÞ; where
gðeÞ9ðg1ðe1Þ; . . . ; gN ðeNÞÞ

T:
For finding functions gi and matrix B which

optimally map e to y; an iterative algorithm
is proposed in [7]. It is based on the fact that
the invertibility of gi’s implies their monoto-
nicity, and without loss of generality they can be
assumed ascending. If x was known, then the
matrix B which optimally maps x to y were given
by (55). Knowing B; x can be re-calculated using
x ¼ B�1y: It automatically defines a set of gi’s,
which are not necessarily ascending. To make
gi ascending, we change the order of the values
xið1Þ; xið2Þ; . . . ;xiðTÞ (T is the length of data block)
in such a way that for any eiðk1Þ4eiðk2Þ we have
xiðk1Þ4xiðk2Þ: This may be better explained by its
MATLAB code:
[temp, index_i] ¼ sort(e_i);
x_i(index_i) ¼ sort(x_i);
Fig. 9. MP algorithm for separating PNL mixtures.
It defines a new x; and the above process is
repeated. This results in the algorithm of Fig. 8 for
finding the optimal mapping. It is experimentally
shown in [7] that this algorithm converges very
fast, typically in 2–5 iterations.
Having this algorithm for finding the projec-

ted mapping, the final MP algorithm for separat-
ing PNL mixtures can be easily obtained.
However, two modifications are done in the
algorithm of Fig. 8: (a) instead of initializing
by x ¼ e; the value of x obtained in the previ-
ous iteration of MP algorithm is used, which
is a better initial estimation of x: (b) We do
not wait for the projection algorithm of Fig. 8
to converge (even, it is possible that it does
not converge, when the outputs cannot be
expressed as BgðeÞ). Instead, we simply repeat the
loop for some fixed number of iterations, say 5 or
10 times (even 1 iteration seems sufficient in many
cases, because the whole MP algorithm is itself
iterative, and the value of x in the previous
iteration is used as initial value in the current
iteration).
Finally taking into account the indeterminacies
(similar to what is done for the gradient ap-
proach), the final separation algorithm is obtained
as shown in Fig. 9.

Experimental results: Now we repeat the experi-
ment of Section 9.1 using the MP algorithm with
parameters: m ¼ 0:1; 1000 samples data block,
Pham’s estimation of SFD, and K ¼ 5: The
averaged SNRs taken over 100 runs of the
algorithm, and the number of required iterations
for convergence are given in the Table 1.
10. Application to CPNL mixtures

We terminate the applications of gradient and
MP approaches by using them in separating
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CPNL mixtures of two sources. In CPNL mix-
tures, the separation system composed of the
linear FIR filter (48) and nonlinear functions gi:
Consequently, the separation algorithms can be
obtained by combining the algorithms obtained
for convolutive and PNL mixtures.

10.1. Gradient approach

Similar to convolutive mixtures, the separation
criterion is Iðy1ðnÞ; y2ðn�mÞÞ; where m is ran-
domly chosen at each iteration from �ð2pþ 1Þ to
2pþ 1: To use the gradient approach in separating
CPNL mixtures, the gradient of this criterion must
be calculated with respect to both Bk’s and gi’s.
Following the same calculations done in Section

8.1, the gradient with respect to Bk’s is given by
(58). The gradient with respect to functions gi can
be obtained using a method similar to what is done
for PNL mixtures at Section 9.1. The final result is
given by (67), where in this case a is [4]

aðnÞ9
Xp

k¼0

BTk bmðnþ kÞ ¼ BT
1

z

� 	� 

bmðnÞ. (69)

Taking into account the DC and scale indeter-
minacies, the final separation algorithm is ob-
tained as shown in Fig. 10.

Experimental results: As an experiment, two
uniform random sources with zero means and unit
variances are mixed by a system composed of the
mixing matrix (60) and sensor nonlinearities given
by (68). Each output SNR is defined as (59).
Moreover, there are a lot of parameters to be
estimated and to not encounter ‘‘over-learning’’, a
new data set is used at each iteration. Here, the
main parameters are: observation blocks of 2000
samples, p ¼ 2; M ¼ 5 and m ¼ 0:2: The averaged
SNRs taken over 100 runs of the algorithm, and
the number of required iterations for convergence
are given in Table 1.

10.2. MP approach

The MP approach for separating CPNL mix-
tures can be obtained by directly combining the
corresponding approaches for separating convo-
lutive and PNL mixtures. However, step (2) of the
projection algorithm of Fig. 8 (for finding the
optimum mapping) must be replaced by xðnÞ ¼

½invðBðzÞÞ�yðnÞ: This inverse function can be found
using the recursive equation

xðnÞ ¼ B�10 ½yðnÞ � B1xðn� 1Þ

� � � � � Bpxðn� pÞ�. ð70Þ

Consequently, the final MP separation algo-
rithm is obtained as shown in Fig. 11.

Experimental results: The same experiment of
Section 10.1 is repeated here, but with block
lengths of 1000 samples and m ¼ 0:1: The averaged
SNRs taken over 100 runs of the algorithm, and
the number of required iterations for convergence
are given in Table 1.
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11. Conclusion

In this paper, we introduced the concept of
SFD, which can be considered as a nonparametric
‘gradient’ of the mutual information. We also
showed that SFD is a powerful tool for minimizing
mutual information of a parametric model, and we
proposed two general approaches called gradient
and MP approaches. These approaches give a
unifying view and powerful tools for separating
any complicated (yet separable) mixing model (for
example, up to our best knowledge there is
currently no other method for separating CPNL
mixtures). Finally, we showed how these ap-
proaches can be used for separating sources in
four mixing models: linear instantaneous, linear
convolutive, PNL, and CPNL mixtures.
Moreover using the properties of SFD, it was

shown that mutual information has no local
minimum (Theorem 2).
In general, because of direct manipulation of

outputs in the MP method, and since mutual
information has no local minimum, this method
has better convergence behavior (faster conver-
gence and lowest risk of a local minimum) than
gradient method, especially when the number of
parameters are large (e.g., convolutive mixtures
with long separating filters). Moreover, in the
gradient-based algorithms, it is very tricky to select
parameters which insures the algorithm conver-
gence. On the contrary, the convergence of MP
algorithms is very robust with respect to the
parameters. However, if convergence is achieved,
the gradient approach may result in a slightly
better separation performance. Finally, for linear
instantaneous mixtures, gradient approach may be
simplified (as done in (54)) such that it only uses
marginal distribution estimations, which is a great
advantage for large number of sources.
The limitation of methods based on mutual

information minimization with SFD is the require-
ment of multi-variate PDF estimations which is
quite difficult and requires a large number of data
when the number of variables grows. Practically,
they are currently limited to 3 or 4 sources.
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