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Introduction

o We consider the problem of
scattering by a dielectric object with €
a constant permittivity, but assume
the object to have dimensions much k o

smaller than the wavelength (inside
the object)

0 To express the actual field distribution inside the particle, let
us return to the volume integral equation

E(r)=E (r)+ Kk [ G,(r,r)-6cE(r')dV’
/ DY

Total field Incident field 0 = & — €,
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Scattering from spherical objects

Introduction

o Remember that

L1 ~ 1 , Electri
5EE(F)=€—(5_€O)E(”):€_P(F) poelgrir;;tion
0 0

o Consider now the field generated by this polarization inside
the dielectric particle
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Introduction

o To gain more insight, we compare the ratio of the two terms
Inside the integral. We have

1
(R)

) - T+ R+ o (R 31 (o) -3

2
R=r-r, R:‘R‘

o If the particle is small compared to wavelength, then kR« 1
and this ratio can be huge. Therefore, the first term in the
Integral is negligible.
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The electrostatic approximation

o Now, consider the 2" term

VV'G,(r,r') =

—{T[1+ jk,R]+

~ < —3RR}

RR

R
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I E(r):Ei(r)—IVV'(
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This is the electrostatic
approximation
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The electrostatic approximation

o Let us rewrite this field as

P(r')-n q4s’ _VI[—V"P(”’)]
dre,R 4re R

dv’

E(r)=E.(r) - v<j>

V

o Now, inside a small particle the incident field is almost a constant:

E (r)=E’ exp(-jk,
~ E; exp(-jk, /
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The electrostatic approximation

o We have to solve the electrostatic problem of a dielectric in a
uniform, externally applied electric field

o For a dielectric particle of ellipsoid shape, it is known that the
solution is a uniform (constant) polarization vector

o It generates a uniform depolarization field

——Vc_[> "gs--LN.p
- 4re,R €

Depolarization tensor
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The tield inside an ellipsoid

o To show this, consider a 3D ellipsoid with its principal axes
chosen along the x,y, and z axes of the coordinate system

0 Let us decompose the constant polarization vector also into its
X,y, and z components. The total depolarization field with be the
superposition of the fields generated by each component

Z

_ X y z
EOlep = Edep + EOlep + Edelo

:—PaV<_f> P ’;dS’, a=XY,Z
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The tield inside an ellipsoid

o The case of a general ellipsoid is too complicated. Thus, we

analyze the problem for the particular case of an ellipsoid of

revolution. To obtain such an object, one can draw an ellipse on

the x-z plane and rotate it around the z-axis.

o We 18t use cylindrical coordinates in
which the surface of the ellipsoid is
given by the equation

>

Scattering from spherical objects




The tield inside an ellipsoid

o The problem we are trying to solve is the electrostatic problem
of the electric field induced by the surface charge

p.=Pov -n

o So we may solve the Laplace equation V2@ =(Q inside and
outside the ellipsoid, and match the solutions on the surface

o In cylindrical coordinates the Laplace equation reads

=0

10 acb 1 0°D az
,08,0 8,0 p° 0g° 82
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The tield inside an ellipsoid

0 But this coordinate system is inappropriate to solve the problem.

Instead consider the parametrization (y>0)

p=ySNnh& sing, z=ycoshé cosd 0O0<E<w0,0<O<

o Obviously, coordinate surfaces
corresponding to &= £,=constant are
half ellipsoids with axes length’s
ycoshg, ysinhé,

ewz) (ee)
ysnhg, ) yooshe,
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The tield inside an ellipsoid

o To be able to simplify the problem, the surface of our ellipsoid
should coincide with one of these surfaces:

a=ysnh&, b=ycoshd,
o This is possible if ¥°=b’—a® . Then the corresponding & is
a
&, = arctanh (Ej

o Note that we have assumed b > a. If that is not the case we

iInterchange sinh and cosh in the formulation.
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The tield inside an ellipsoid

o The surfaces corresponding to 6=constant are hyperboloids

2 2
Z
0 =06, £ | =1
y COSO, y Sing,

o For correct parametrization we
demanded that £ >0 and O<é@<rx

o In this way all the space withp >0
will be covered
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The tield inside an ellipsoid

o The Laplace equation in this new coordinate system is

2 2
1 0 h.»_f— 1 0 (sineaq)j sinh 2.»_f+sm 0 0°D
sinh®&£sin® @ o¢°

snhé& o0& o0& ) sing 06 00

o The outward normal derivative on the

surface of the ellipsoid is given by

1 o

i, Vb =

yyJsinh? & +sin?g 0& .,

. pcoshé&. sing+zsinh &, cosé
: Jsinh? £, +sin? @
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The tield inside an ellipsoid

o Now we solve the Laplace equation both inside and outside the

ellipsoid and match the solutions using Z,

(D> (é:e’g’¢) - (D< (56"9’¢)

A, VO —h, -VO_=-Ls

o

ob. | od.
85 &=%e 65 &=Ce

=—yPo,_ -(pcoshé, sind+zsinh &, coso)
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The tield inside an ellipsoid

o 1St case: polarization along z-axis

(D> (é:e’g’¢) - (D< (56"9’¢)

oD,
g

0D
e, 05

P .
=—y—29nh¢, cosd
=

§:§e

o In both regions try solution of the type

=0

1 d df
O =coso f (&) - Slﬂhfdf( hgdéj 2 f
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The tield inside an ellipsoid

o Solving the equation:

2
d'f +25i—2f =0
ds’ ds

s=coshé — (s -1)

o General solution:

f(s) = As+B{1+—In(S 1)}
2 s+1

cosh§In coshé -1
2 coshé+1

f (&)= Acosné + B{1+
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The tield inside an ellipsoid

0 Inside the ellipsoid (to ensure finiteness at £=0)

f_(£)= Acosn¢

o Outside the ellipsoid (to ensure finiteness at £=ww)

coshé& n coshé -1
2 coshé+1

f (&)= B|:1+

o Matching:

2 cosné, +1

B| Lin| 0o =1, C0hee ), B
2 (cosh& +1) snh™é €

e

Acosh&, = B{l+ coee |, [ coshe. _1]}
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The tield inside an ellipsoid

A=y Zgnn? g | 14 SOH%e [ 0N, 1
€ 2 cosné, +1

B= —7/29 nh? £ cosh &,
S
o Inside the ellipsoid

O_ =cosé f_(&) Nziycosecoshfz Nziz

o =0
N :—Sinh2§ 1_|_ COShgeIn COShege_l fe:arCtanh(%j
’ ° 2 coshé&, +1

Ec?ep = _V(D< = _NZP22
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The tield inside an ellipsoid
o 2" case: polarization along x-axis, the boundary conditions are
D, (& 0,4) =D (. 0,4)

oD,
g

e
e, 05

P .
=—y—2c0osh &, Sing cosg
=

A
o In both regions try solution of the type

® =sing cosgf (&)
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The tield inside an ellipsoid

o From the Laplace equation we get

: 2 - 2 2
1 a( acpj 1 a(gne@®j+3”h §+sn?0 0% _

: nhaj— 12 o2 2
sinh& o0& o) sSin@ oo 06 sinh“£sin“@ 0¢

L amed ) (ki
sinh& dé& dé sinh® &

2 2
s:cosh§—>(sz—1)d f+25i—£23 1]f =0

ds’ ds | s°-1
’ f =AJS® -1+ B{ +—\/ ~1In ( j}
% -1 s+1
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Depolarization factors

0 Inside the ellipsoid only the first term is allowed. It then follows
that the electric field is constant, and is in the x-direction.

0 Summarizing the results, it follows that the electric field inside a
uniformly polarized ellipsoid is given by the constant field

1 = ‘N, 0 O
Edepz—e—N-P N=|0 N, O N,+N,+N,=1
0
0 0 N,|

o In case of an ellipsoid of revolution we have due to symmetry:

1
N, =N, :E(l_ NZ)
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Depolarization tactors

0 Examples: some limiting cases of ellipsoids

sphere

Infinitely thin
disk

rod

e long (r— N, =N, =%
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The tield inside an ellipsoid

o We can now easily find the (uniform) electric field inside the
dielectric ellipsoid:

E = E; exp(- jk, ro)—iﬁ P P=(c-¢)E
€o
E = [?+5grﬁJ_l-Eio eXp(—jkI ro) OS¢, _% 4
€

Scattering from spherical objects E_




The tield inside an ellipsoid

o The scattered field

2 i R R
K”exp( Jkr)ksx{ksxﬁgrjexp(jks-r’)E(r’)dV’}
Ay v

E (r) = -
o Using previous results, & assuming the particle to be small:

exp| j(ky— k) ry— jkr |
Ay

E _(r) = -VKk?se,
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