
 

 

Problem 1:  

A plane wave traveling in the x  direction in vacuum is scattered by a perfectly conducting, infinite 

cylinder with the radius of 1cm whose axis coincides with the z-axis. The frequency of the incident 

wave is 20GHz. The amplitude of the incident electric field is 0E . For both cases where the 

electric field is polarized along the y- and z-axes:   

� Calculate the electric field in the far zone and plot its amplitude as function of angle  

� Calculate the current density on the surface of the cylinder and plot it as function of angle 

(You need routines for Hankel and Bessel functions. Matlab would be OK.) 

 

Solution 

Note that ˆ ˆ , 0i izk� �k x   
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In the two cases considered only TEz, respectively, TMz scattered fields are generated.  

Resulting far field for polarization along y
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And for z-polarization 

EM Scattering  
 

Homework assignment 2 
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To calculate the current note that the surface current density on the cylinder is found 

from the exact solution for the magnetic field. We have: 

 � �ˆ ( , ) ( , )s s ia a� �� � �J r H H  (0.1) 

For the y-polarized field 
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The incident magnetic field 

 � �0ˆ expi

E
jkx

�
� �H z  

Current density 
 

 
� � � � � �

� �
� �

(2)
0

(2)

ˆ ( , ) ( , )

( )
ˆ  exp cos exp

TE TE
s s i

m
m m

m m

a a

j J ka H kaE
jka jm

H ka

� �

� �
�

�

���

� �� � � �� �
� ���
� �� � � �

�� �� �
�

J H H

φ
 

 

� � � �

� � � �

exp cos ( ) ( ) exp

exp cos ( ) ( ) exp

m
m

m

m
m

m

jz j J z jm

jka j J ka jm

� �

� �

�

���

�

���

� � � �

� � � � �

�

�
 



 

� � � �
� �

� �

� �
� �

(2)
0

(2)

0

(2)

ˆ  ( ) ( ) exp

exp2
ˆ  ( )

m mTE m
s m

m m

m

m m

J ka H kaE
j J ka jm

H ka

jmEj
j

ka H ka

�
�

�
� �

�

���

�

���

� �� ��� �� �� � � � �� �
�� �� �� �� �

� ��
� �� �

�� �� �

�

�

J φ

φ

 

For the z-polarized field: 
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Incident magnetic field 
 

 � �0ˆ expi

E
jkx

�
� � �H y  

 

� � � �
� � � � � �

� � � �
� � � � � �

� � � �

(2)
0 0

(2)

(2)
0 0

(2)

ˆ ( , ) ( , )

ˆˆ ˆ ˆ( ) exp exp

ˆ ˆ( ) exp cos exp cos

1
cos exp cos exp cos

1
(

TM TM
s s i

m mm

m m

m mm

m m

a a

J ka H kajE E
j jm jkx

H ka

J ka H kajE E
j jm jka

H ka

d
jka jka

jk da

d

jk da

� �

�
� �

� � �
� �

� � �

�

���

�

���

� �� � � �� �
�

� � � � � � �

�
� � � �

� � � �

� �

�

�

J H H

y

z z

� � � �

� � � �
� � � �

� �
� �

(2)
0

(2)

0
(2)

) ( )exp ( ) ( ) exp

ˆ ( ) ( ) exp

exp2
ˆ ( )

m m
m m

m m

m mTM m
s m

m m

m

m m

j J ka jm j j J ka jm

J ka H kajE
j J ka jm

H ka

jmjEj
j

ka H ka

� �

�
�

�
� �

� �

��� ���

�

���

�

���

�� � � � �

� ��
�� �� � � � �

� �� �
�

� � �

� �

�

�

J z

z
 

 



 Problem 2: 

Consider a region in vacuum confined by two infinite, perfectly conducting plates at 0z �  and z b� . 

We would like to use cylindrical coordinates ( , , z� � ) to analyze a scattering problem in this 

configuration.  

(i) Find the general solution of the vector-wave equation for the electric field in terms of the M  and 

N  functions in cylindrical coordinates. Use ẑ  for the constant vector field needed to define these 

functions. Explicitly express M  and N  in terms of , , z� � .  

Consider now a perfectly conducting cylinder of radius a  and height b  put in between the two plates. 

The axis of the cylinder coincides with the z -axis. An incident wave whose fields are given by 
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travels along x  with the wave number �  and hits the cylinder ( 0 /k b�� ).   

(ii) Write down the scattered electric field as a series with unknown coefficients and find these 

coefficients by imposing appropriate boundary conditions on the surface of the cylinder. 

Hint: if needed you may use  
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Solution 

 

Consider a region in vacuum confined by two infinite, perfectly conducting plates at 0z �  and z b� . We 

would like to use cylindrical coordinates ( , , z� � ) to analyze a scattering problem in this configuration.  

(i) Find the general solution of the vector-wave equation for the electric field in terms of the M  and N  

functions in cylindrical coordinates. Use ẑ  for the constant vector field needed to define these functions. 

Explicitly express M  and N  in terms of , , z� � .  

 

Here we would like to find the general solutions of the vector wave equation which satisfy the boundary 

conditions on the plates.  First consider the scalar wave equation in cylindrical coordinates 
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The general solution of this equation may be written as 
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  The corresponding  M  and N  functions are 
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Since the tangential components of M  and N  should vanish on the plates (in order to be a 
good solution for the electric field) we must have for M : 
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For N , however,  
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The choice of � �f �  depends on the problem. 

 

 

Consider now a perfectly conducting cylinder of radius a  and height b  put in between the two plates. 

The axis of the cylinder coincides with the z -axis. An incident wave whose fields are given by 
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travels along x  with the wave number �  and hits the cylinder ( 0 /k b�� ).   

(ii) Write down the scattered electric field as a series with unknown coefficients and find these coefficients 

by imposing appropriate boundary conditions on the surface of the cylinder. 

 

The scattered electric field should be composed of series of M  and N  functions but with 

� � � �(2)
mf H k�� ��  to represent outgoing waves between the plates. Hence we have  
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The scattered field may now be written as 
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On the surface of the cylinder ( a� � )  one must have 
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But the incident field has no z-component. Therefore, ,m nN  does not play a role and ,m nb =0. 

Hence we have to consider the equation 

 � � � � � � � �, ,
,

ˆ ˆ ˆ, , , , 0 , , , ,s i m n m n i
m n

a z a z a z a z� � � � �� � � � � � � �� �� � �E E φ M φ E φ  

Since the functions sin
n z

b

�� �
� �
� �

 form a complete orthogonal set on 0 z b� � , from the 

expression for the incident field it follows that we only need 1n � . The equation is now reduced 
to 
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Take note that ˆ ˆ cos�� �y φ  . Using the expansion of � �exp j x�� : 
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