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MATHEMATICAL QUESTIONS

Question 1

A vestigial-sideband modulation system is shown in Fig. [1. The bandwidth of the message
signal m(t) is W, and the transfer function of the bandpass filter is shown in the figure.
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Figure 1: A VSB modulation system.

(a) Determine hy(t), which is the lowpass equivalent of h(t), where h(t) represents the impulse
response of the bandpass filter.

The lowpass equivalent transfer function of the system is
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Taking the inverse Fourier transform, we obtain
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(b) Derive an expression for the modulated signal u(t).

e a

Since M (f) isnonzero in f € [-W, W], it is clear that

Fim(®)  —e™ = ~M(f)sga( = W) = M(f) = m(t) =™t (1

. The modulated signal can be represented as
u(t) = R{[Aem(t) * hu(t)]e?= }

. As shown in[@)] hu(t) = Z[sinc(Wt) — e727W4). So,

8‘%{ [Acm(t) * %(sinc(Wt) — eJZWWt)]ej%rfct}

s

j i 27 @ 1 |27 )27 @
= R{[(Aem(t) » (E sinc(Wt))] /2t + [Acmi(t) * ﬁeﬂ Wt gint t}
Therefore,

u(t) = §R{ [Acm(t) * (% sinc(Wt))]ej%rfct + Acm(t)ej%fct]

= Acm(t) cos(2m fot) — Ac[m(t) % sinc(Wt)] sin(27 f.t)

Question 2

. L A2
Follow the steps below to show the power of the FM signal u(t) = A.cos(27 f.t + ¢(1)) is 5=.

(a) Write the power expression for the FM signal and show that the power equals P = %3 + 1,

where

2 T2
I = lim ¢ Arft +2
Jm o /_T/2 cos(4m fot + 2¢(t))dt
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P = lim /T A2 cos? (2m fot + ¢(t))dt

Tooo T
2

A2 (51 Amfut +2
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(b) Show that
. / cos(4m f.t + 26(t))dt

—0o0

relates to the Fourier transforms F{e’?*M} and F{e=72%()} at the frequencies —2f. and 2f,, re-
spectively.

7

I, = /00 cos(4m ft + 2¢(t))dt

— 00

dt

/oo (I QOO AT fet) | o—i(26(t)+n fet)
- 2
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—00

2
R ) Lo —i20(t)
= gf{e Hpo—2y, + §f{6 Hro2s.

(c) Use Taylor series expansion to show that I, depends to the Fourier transforms F{¢"™(t)},n €
W at the frequency/£2 fa
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(d) Show that if f. > W, where W is the bandwidth of the message-related phase ¢(t), I, ~ 0.

7

@"(t) is smaller than nW. Therefore,

For small n, we have nWW < 2f., so F{¢"(t)} r—2y.
For large n, we have 2} ~ 0,50 2. F{¢"(t)} jay. =

Therefore, we conclude that I, ~ 0.

\.

Assuming a bandwidth of W for the message-related phase, ¢(t), the bandwidth of signal

:n}—{ﬁbn(t)}f%—ch =0.
2L F{¢™(t)} p—2s. = 0.

. . A
(e) Show that the power/is approximately equal to ==

Since Iy, ~ 0, we have

T/2
/ cos(4m fot + 2¢(t))dt
—T/2
Finally,
A
P= =+ I

%
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Question 3
Find the spectrum of the narrowband FM signal
t
u(t) = Accos(2m fet) — A [27rkf/ m(7)dr] sin(2m f.t)

—00

in terms of the message spectrum M (f).

We know that

F{2rky / m(r)dr} = 2”‘;2%(“’0 ) 4 zgkf M(0)8(f)

—00

_ kpM(f)
if

by the integral property of the Fourier transform. Note that the message is assumed to
have no DC component so M (0) = 0. Now,

4

U(f) = F{Accos(2mf.t)} — .7-"{27rkf/ m(7)dr} * F{Asin(27 fot)}

RO A
5 (5700 = f) =37 + Jo)
Acka(f_fC) + Acka(f+fC)
2j2(f_fc) 2j2(f+fc)

_ Acisie AcksM(f = fo)  AcksM(f + fe)
= SO =S+ + ) + =5 T

= Lo~ 1)+ 8+ 1) -

= 25007 — 4007 + )

Question 4

The signal m(t), whose Fourier transform 1/ ( f) is shown in Fig. [2] is to be communicated. We
know that the signal is normalized, meaning that —1 < m(¢) < 1.

M(f)}

10,000 10000  f
Figure 2: A sample message signal.

(a) If USSB is employed, what is the bandwidth of the modulated signal?.

[ Wyssg = W = 10* Hz ]
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(b) If DSB is employed, what is the bandwidth of the modulated signal?

[ WDSB:2W=2><104HZ ]

(c) If an AM scheme with the index a = 0.8 is used, what is the bandwidth of the modulated signal?

[ Wan = 2W = 2 x 10* Hz

(d) If an FM scheme with the deviation k¢ = 50000 is used, what is the bandwidth of the modulated
signal?

k¢ max{|m(t)|} 50000
1)=2Xx(——=+1) x1 =12 H
W +1) X (10000 + 1) x 10000 0000 Hz

Wem = Q(ﬁf -+ 1)W = 2(

Question 5

Determine the in-phase and quadrature components, z.(¢) and z4(t), as well as the envelope
and the phase, V (¢) and O(¢) of an FM-modulated signal.

For an angle modulated signal, we have z(t) = A.cos (27 f.t + ¢(t)). Therefore, the low-
pass equivalent of the signalis z;(t) = A.e*(®) with the envelope V (t) = A. and the phase
©(t) = ¢(t). Obviously,

x(t) = Accos(p(t)) cos(2m ft) — Aesin(p(t)) sin(27 ft)

. So,
zo(t) = Accos(¢(t))

zs(t) = Acsin(¢p(t))
Now, for the FM case, ¢(t) = 2rk; [*__m(r)dr and

V(t) = A,

t

Ot) = 2mk; / m(r)dr

) = Aes(Eadty / m(r)dr)

. {5) = A ety / m(r)dr)

—00
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Figure 3: Number of required harmonics M., versus frequency modulation index S for 98% of
power content.

SOFTWARE QUESTIONS

Question 6

Develop a MATLAB mfile that returns the required number of harmonics )/, that includes
x% of the total power content of a sinusoidally-modulated FM signal with the modulation in-
dex 3. Use the mfile to obtain the number of required harmonics M, for + = 98 and 8 =
0.5,1,2,--,10.

7

Here is a sample implementation.

function Mc = num_harmonics_fm(beta, x)

har_id = 0;
pow = besselj(har_id,6 beta)"2;

while (pow < x/100)

har_id = har_id + T1;

pow = pow+2*besselj(har_id,6 beta)*2;
end

N o U A WN

o ©

Mc = 2xhar_id +1;

=
[Ny

end

-
w

You may use the following mfile to plot Fig. [3] showing the number of required harmonics
forz =98and 8 =0.5,1,2,---,10.

close all
2 clear all
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% continuous plot
num_har = [];
for beta=0.5:0.001:10
num_har = [num_har num_harmonics_fm(beta, 98)];

® N o g b~ w

end
plot(0.5:0.001:10, num_har, 'blue’)

©

11 % samples plot
12 num_har = [];
13 for beta=[0.5 1:1:10]

14 num_har = [num_har num_harmonics_fm(beta, 98)];
15 end
16 hold on

17 stem([0.5 1:1:10], num_har, 'red’)
18

19 % label and save figures

20 xlim ([0 10.5])

21 xlabel('Frequency modulation index S\beta$S', 'Interpreter’, ’'latex’)
22 ylabel('Total number of harmonics SM_cS', 'Interpreter’, ’'latex ')

23 box on

24 grid on

25 fig = gcf;

26 saveas(fig, 'Mc', 'fig’)

27 saveas(fig, 'Mc’, 'pdf’)
28 system( 'pdfcrop Mc.pdf Mc. pdf');

BONUS QUESTIONS

Question 7

Return your answers by filling the IETeXtemplate of the assignment.

EXTRA QUESTIONS

Question 8

Feel free to solve the following questions from the book Fundamentals of Communication Sys-

tems by J. Proakis and M. Salehi.
1. Chapter 3, question 7.
2. Chapter 3, question 14.
3. Chapter 3, question 18.
4. Chapter 4, question 5.
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5. Chapter 4, question 8.
6. Chapter 6, question 5.
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