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MATHEMATICAL QUESTIONS

Question 1
Show that at high SNR conditions, the SNR at the output of a PM demodulator in Fig. 1 is

(
S

N
)o = PR(

βp
max{|m(t)|}

)2
Pm
N0W

, where PR is the received power after the demodulator bandpass filter, βp is the modulation
index, N0/2 is the power spectral density of the AWGN noise, and W is the bandwidth of the
message signalm(t).

Figure 1: The block diagram of a PM demodulator.

The SNR calculation is almost similar to FM except some minor differences in calculation
of the output noise power. Applying the phasor approximation, the received signal is

r(t) = [Ac + Vn(t) cos(Φn(t)− kpm(t))] cos[2πfct+ kpm(t) +
Vn(t)

Ac
sin(Φn(t)− kpm(t))]

After the demodulation, the message-dependent part of the phase is detected as

y(t) = kpm(t) +
Vn(t)

Ac
sin(Φn(t)− kpm(t)) = kpm(t) + Yn(t)

Neglecting the variation ofm(t) compared to ns(t) and nc(t),

Yn(t) =
Vn(t)

Ac
sin(Φn(t)− kpm(t)) ≈ 1

Ac
[ns(t) cos(kpm)− nc(t) sin(kpm)]

Since ns(t) and nc(t) are independent and zero-mean processes with the same power
spectral density,

SYn(f) = Snc(f)
cos2(kpm) + sin2(kpm)

A2
c

=
N0

A2
c

u (
f

Bc
)

Note that unlike FM, the noise power spectral density is constant over [−Bc/2, Bc/2]. The
output noise power is

Pno =

∫ W

−W

N0

A2
c

u (
f

Bc
)df =

2N0W

A2
c

. Clearly, the signal power equals

Pso = k2pPm = (
βp

max{|m(t)|}
)2Pm

Question 1 continued on next page. . . Page 1 of 10
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Finally,

(
S

N
)o =

Pso
Pno

=
k2pA

2
cPm

2N0W
= PR(

βp
max{|m(t)|}

)2
Pm
N0W

, where Pr = A2
c
2 is the power of received signal r(t).

Question 2
As shown in Fig. 2, preemphasis and deemphasis filters may accompany an FM modulation
system to improves its achievable SNR.

Figure 2: FM with preemphasis and deemphasis fillers.

Figure 3: Preemphasis and deemphasis filter characteristics.

(a) Let Hp(f) and Hd(f) in Fig. 3 characterize the preemphasis and deemphasis filters. Find the
SNR after the deemphasis filter provided that Ac is the carrier amplitude, kf is the frequency devi-
ation constant, N0/2 is the power spectral density of the AWGN noise, andW is the bandwidth of
the message signalm(t).

Clearly,Hp(f)Hd(f) = 1 or equivalently, hp(t) ∗ hd(t) = δ(t). Here, the demodulated signal
is

y(t) = kfm(t) ∗ hp(t) ∗ hd(t) + [
1

2π

d

dt
Yn(t)] ∗ hd(t) = kfm(t) + [

1

2π

d

dt
Yn(t)] ∗ hd(t)

We know that the power spectral density of 1
2π

d
dtYn(t) after the outputW -Hz LPF is N0f2

A2
c
u

( f
2W ). So, the power spectral density of the noise after the deemphasis filter is

Sno(f) = |Hd(f)|2N0f
2

A2
c

u (
f

2W
) =

f20
f20 + f2

N0f
2

A2
c

u (
f

2W
)

The noise power is obtained as

Pno =

∫ +W

−W
Sno(f)df =

2f20N0

A2
c

(W − f0 tan−1(
W

f0
))

Question 2 continued on next page. . . Page 2 of 10
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The signal power is Ps0 = k2fPm and the SNR equals

(
S

N
)o =

k2fPmA
2
c

2f30N0

1
W
f0
− tan−1(Wf0 )

=
W 3

3f30 [Wf0 − tan−1(Wf0 )]

3k2fA
2
cPm

2N0W 3

(b) How is SNR improved compared to when no emphasis filter is applied?

Clearly, the SNR is scaled by the coefficient W 3

3f30 [
W
f0
−tan−1(W

f0
)]
compared to the conventional

FM without emphasis filters having the SNR 3k2fA
2
cPm/(2N0W

3). We claim that the coef-
ficient is greater than 1 indicating an SNR improvement. Let x = W

f0
> 0. The coefficient

can be rewritten in terms of x > 0 as

x3

3x− 3 tan−1(x)

Now, note that
f(x) = x3 − 3x+ 3 tan−1(x)

is a strictly ascending function since

f ′(x) = 3x2 − 3 +
3

1 + x2
≥ 0⇔ 3(x2 + 1)(x2 − 1) + 3 ≥ 0⇔ x4 ≥ 0

with a unique extremum point at x = 0. So, for x > 0, f(x) > f(0) = 0 and therefore,

x3 > 3x− 3 tan−1(x)⇒ x3

3x− 3 tan−1(x)
> 1

by the fact that x ≥ tan−1(x), ∀x ≥ 0.

Question 3
In an analog communication system, demodulation gain is defined as the ratio of the SNR at
the output of the demodulator to the SNR at the output of the noise-limiting bandpass filter
at the reciver front end. Find expressions for the demodulation gain in each of the following
cases.

(a) DSB.

The output of the receiver noise-limiting filter is

r(t) = Acm(t) cos (2πfct) + nc(t) cos (2πfct)− ns(t) sin (2πfct)

The power of the received signal is Ps,l = A2
c
2 Pm, whereas the power of the noise

Pn,l =
1

2
Pnc +

1

2
Pns = Pn

Question 3 continued on next page. . . Page 3 of 10
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Hence, the SNR at the output of the noise-limiting filter is(
S

N

)
o,lim

=
A2
cPm

2Pn

Assuming coherent demodulation, the output of the demodulator is

y(t) =
1

2
[Acm(t) + nc(t)]

The output signal power is Ps,o = 1
4A

2
cPm whereas the output noise power

Pn,o =
1

4
Pnc =

1

4
Pn

Hence, (
S

N

)
o,dem

=
A2
cPm
Pn

and the demodulation gain is given by(
S
N

)
o,dem(

s
N

)
o,lim

= 2

(b) SSB.

In the case of SSB, the output of the receiver noise-limiting filter is

r(t) = Acm(t) cos (2πfct)±Acm̂(t) sin (2πfct) + n(t)

The received signal power is Ps,l = A2
cPm, whereas the received noise power is Pn,l = Pn.

At the output of the demodulator

y(t) =
Ac
2
m(t) +

1

2
nc(t)

with Ps,o = 1
4A

2
cPm and Pn,o = 1

4Pnc = 1
4Pn. Therefore,(

S
N

)
o,dem(

S
N

)
o,lim

=

A2
cPm
Pn

A2
cPm
Pn

= 1

(c) Conventional AM with a modulation index a.

In the case of conventional AM modulation, the output of the receiver noise-limiting filter
is

r(t) = [Ac (1 + amn(t)) + nc(t)] cos (2πfct)− ns(t) sin (2πfct)

Question 3 continued on next page. . . Page 4 of 10
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The total pre-detection power in the signal is

Ps,l =
A2
c

2

(
1 + a2Pmn

)
whereas the noise power is Pn,l = P0. So,(

S

N

)
o,lim

=
A2
c(1 + a2Pmn)

2Pn

. As discussed in the class, the SNR at the output of the coherent demodulator is(
S

N

)
o,dem

=
A2
ca

2Pmn
Pn

In this case, the demodulation gain is given by(
S
N

)
o, dem(

S
N

)
o,lim

=
2a2Pmn

1 + a2Pmn

The highest gain is achieved for a = 1, that is 100% modulation.

(d) FM with a modulation index βf .

For an FM system, the output of the receiver front-end is

r(t) = Ac cos (2πfct+ φ(t)) + n(t) = Ac cos

(
2πfct+ 2πkf

∫ t

−∞
m(τ)dτ

)
+ n(t)

The total signal input power is Ps,l = A2
c
2 , whereas the pre-detection noise power is

Pn,l =
N0

2
2Bc = N0Bc = N02 (βf + 1)W

Hence, (
S

N

)
o,lim

=
A2
c

2N02 (βf + 1)W

The output post-detection signal to noise ratio is(
S

N

)
o,dem

=
3k2fA

2
cPm

2N0W 3

Thus, the demodulation gain is(
S
N

)
o, dem(

S
N

)
o, lim

=
3β2fPm2 (βf + 1)

(max[|m(t)|])2
= 6β2f (βf + 1)Pmn

Question 3 continued on next page. . . Page 5 of 10
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(e) PM with a modulation index βp.

Similarly, for the PM case, we find that(
S

N

)
o, lim

=
A2
c

2N02 (βp + 1)W

and (
S

N

)
o,dem

=
k2pA

2
cPm

2N0W

Thus, the demodulation gain for a PM system is(
S
N

)
o, dem(

S
N

)
o, lim

=
β2pPm2 (βp + 1)

(max[|m(t)|])2
= 2β2p (βp + 1)Pmn

Question 4
Show that if an FM system and a PM system are employed for transmitting a message signal
and these systems have the same output SNR and the same carrier amplitude, then

BcPM
BcFM

=

√
3βf + 1

βf + 1

, where βf is the FM index.

We have

(
S

N
)FM = (

S

N
)PM ⇒

3k2fA
2
cPm

2N0W 3
=
k2pA

2
cPm

2N0W
⇒
√

3kf
W

= kp ⇒
√

3βf = βp

So,
BcPM
BcFM

=
2(βp + 1)W

2(βf + 1)W
=

√
3βf + 1

βf + 1

SOFTWARE QUESTIONS

Question 5
Develop a MATLAB mfile that takes a message, passes it through an FM modulator, and plots
the spectrum of the modulated signal. Plot the spectrum of the modulated signal for several
input messages and use the results to validate Carson’s bandwidth rule. You may use modu-
lation index, carrier amplitude, and so on as the input arguments to your developed mfile.

Question 5 continued on next page. . . Page 6 of 10
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Figure 4: Time-domain representation of a signal and its corresponding FM signal.

Here is an implementation of the required function.
1 f unc t i on [ t , y ] = fm_plot ( t , x , Ac , fc , k f )
2
3 c lose a l l
4
5 % fm modulat ion
6 y = Ac*cos (2* p i * fc * t +2* p i * k f *cumsum( x ) *abs ( t ( 2 )− t ( 1 ) ) ) ;
7
8 % take the DFT and approximate the spectrum using the DFT
9 Fs = 1/ abs ( t ( 2 ) − t ( 1 ) ) ;

10 L = length ( t ) ;
11 f = Fs * ( ( 1 : L )−L /2 ) /L ;
12 Y = f f t s h i f t ( f f t ( y ) ) / L ;
13 X = f f t s h i f t ( f f t ( x ) ) / L ;
14
15 % p lo t time−domian curve
16 subp lot ( 2 , 1 , 1 ) ;
17 p l o t ( t , x )
18 subp lot ( 2 , 1 , 2 ) ;
19 p l o t ( t , y )
20
21 % p lo t frequency −domian curve
22 f i g u r e
23 subp lot ( 2 , 1 , 1 ) ;
24 hold on
25 p l o t ( f , r e a l (X ) ) ;
26 p l o t ( f , imag (X ) , ’ r ’ ) ;
27 subp lot ( 2 , 1 , 2 ) ;
28 hold on
29 p l o t ( f , r e a l ( Y ) ) ;
30 p l o t ( f , imag (Y ) , ’ r ’ ) ;

Time-domain and frequency-domain representation of the output of the demodulator for

Question 5 continued on next page. . . Page 7 of 10
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Figure 5: Frequency-domain representation of a signal and its corresponding FM signal.

x(t) = 4 cos(40πt) + 4 cos(80πt), Ac = 1, fc = 1000, and kf = 50 are shown in Figs.
4 and 5. As can be seen in Fig. 5, the input signal bandwidth is W = 40 Hz. So, the
modulation index equals βf = kf max{|m(t)|}/W = 50 × 8/40 = 10 and consequently,
Bc = 2(βf + 1)W = 880 Hz by Carson’s rule, which coincides with the spectrum of the
modulated signal.

BONUS QUESTIONS

Question 6
Chernoff bound is a useful tool in communication analysis.

(a) Prove the Chernoff inequality

P{X ≥ a} ≤ e−taE{etX}

Question 6 continued on next page. . . Page 8 of 10
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for any random variableX , t ≥ 0, and a ∈ R.

According to Markov’s inequality, for t ≥ 0,

P{X ≥ a} = P{tX ≥ ta} = P{etX ≥ eta} ≤ E{etX}
eta

= e−taE{etX}

(b) How does the Chernoff bound relate to the characteristic function?

P{X ≥ a} ≤ e−taE{etX} = e−taE{ej
t
j
X} = e−taφX(

t

j
)

(c) Find the Chernoff bound for the Gaussian random variableN (µ, σ2).

We know that for the Gaussian random variableN (µ, σ2),

φX(t) = e−
1
2
σ2t2+jµt

. So, the corresponding Chernoff bound is

e−taφX(
t

j
) = e−tae

1
2
σ2t2+µt = e

1
2
σ2t2+(µ−a)t

(d) Tighten the derived Chernoff bound for the Gaussian random variable N (µ, σ2) by selecting a
suitable value for t.

We know that,
d

dt
e

1
2
σ2t2+(µ−a)t = [σ2t+ (µ− a)]e

1
2
σ2t2+(µ−a)t

. There is an extremum point at topt = a−µ
σ2 . If µ > a, then topt < 0 and the bound is

ascending over t ≥ 0. So, the minimum bound is achieved for t = 0 and equals to the
trivial value of 1. Ifµ ≤ a, then the extremum falls somewhere over [0,∞). So, theminimum
bound is

e
1
2
σ2t2opt+(µ−a)topt = e−

(µ−a)2

2σ2

Overall,

P{X ≥ a} ≤

1, µ > a

e−
(µ−a)2

2σ2 , µ ≤ a

Question 7
Return your answers by filling the LATEXtemplate of the assignment.

Page 9 of 10
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EXTRA QUESTIONS

Question 8
Feel free to solve the following questions from the book Fundamentals of Communication Sys-
tems by J. Proakis and M. Salehi.

1. Chapter 6, question 2.

2. Chapter 6, question 4.

3. Chapter 6, question 11.
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