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Laplace Transform




Laplace Transform

Definition (Laplace Transform)

The unidirectional Laplace transform of f(t) is defined as
F(s) = L[F(8)] = / f(t)e~tdt, s e ROC
o

, where ROC is the region of convergence representing complex values of s for which
the Laplace integral converges. f(t) can be calculated from its Laplace transform

as

f(t) =L F(s)] = i / T F(s)eds, o€ ROC

277] —joo
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Laplace Transform

Example (Laplace transform of u(t))
Clu(t)] =1, R{s}>o.

0o co _est 76—(0+ju.1)t 1
/ f(t)e *dt :/ e dt = | = =2 R{s}>0
0 0 s

Lle 2tu(t)] = ler_av R{s} > R{—a}.

oo oo 76—(s+a)t 76—(s+a)t 1
/ F(t)e "t dt :/ e e tdt — = o = , R{s} > R{—a)}
0— 0 s+a a
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Laplace Transform Properties

Property Time Domain Laplace Domain
Linearity afi(t) + Bh(t) aFi(s) + BFa(s)
Time Shift f(t — to)u(t — to) e 0 F(s)
Frequency Shift e0tf(t) F(s — )
Scaling f(at),a >0 éF(é)
Conjugation f*(t) F*(s¥)
Time Differentiation ' (t) sF(s) — f(07)
Time Differentiation f(t) s2F(s) — sf(07) — f/(07)
Frequency Differentiation tf(t) —X'(s)
Time Integration JoZ fla)da F(s)/s
Convolution f(t) = h(t) Fi(s)Fa(s)
Periodicity f(t+ T) = f(t) (e tdt/(1— e
Initial Value f(0T) = lims— 00 sF(s)
Final Value f(400) = lims_q sF(s)

Table: Properties of Laplace transform. For convolution property, fi(t) = 0,t < 0 and f(t) = 0,t < 0. For
initial value and final value properties, f(t) = 0,t < 0 and has no singular function at t = 0.
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Laplace Transform Pairs

Time Domain Laplace Domain

Time Domain

Laplace Domain

4(t) 1
5'(t) s
5 (t) s"
u(t) :
tu(t) siZ
t"u(t) ey
e u(t) ?13
e~ u(t) o
cos(30)u(?) T
sin(Bt)u(t) eyl

Table: Useful Laplace pairs.

cosh(Bt)u(t)
sinh(Bt)u(t)
e * cos(Bt)u(t)
e sin(Bt)u(t)

t cos(SBt)u(t)
tsin(Bt)u(t)
cos(Bt + ¢)u(t)
2|K|e™?" cos(Bt + /K)u(t)

2|K|te™* cos(Bt + /K)u(t)

s
2_52
2-52

e
+a)c+p

(s a)ﬂ

(s+a) +52
22
2+ 32)2

(s ;rﬁﬁs)
(s2+82)2

s cos(9) =5 in(0)

s2+32

K
s+a sta—jB + s+a+jB

K*

(s+a—/[3)2 + (S+a+!/3)2

Table: Useful Laplace pairs.
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Laplace Transform Pairs

Example (Laplace Transform)

L[t cos(Bt)u(t)] = sz+ﬂ§

at

e Tu(t) — L

s+ a
—jBt
e u(t) — e
_ Bt —iBt 1 1 \__s
cos(Bt)u(t) = 0.5(¢"" + e Yu(t) — 0.5(S e + s +j[3) oy
. 2@

tcos(Bt)u(t) — _E[sz +ﬂ2] = =1 Py
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Fractional Functions

@ Real-coefficient rational function:

F(s)= 5 = &5, abeRseC

e Rational function zeros: {z; € C|P(z) =0}
@ Rational function poles: {p; € C|Q(p,-) =0}

P(s 7, (s—2)
oy =K nz':i(s—pn
(

S
@ Proper rational function: F(s) = Q(sg = ZZI Oaksk’ ai,bieR,secC,m<n
k=0

@ Zero-pole decomposition: F(s) =

@ Proper rational- polynomlal function decomposition:

Flo) = ot = P6) + o
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Partial-fraction Expansion

Definition (Partial-fraction Expansion)

A proper fractional function is decomposed as

R(s)
FO =26 ~ T 1(s—pk
, where
/
et = (s~ ) O,

)

i=1 j=1
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Inverse Laplace Transform

Example (Proper rational Laplace function with two simple poles)
L eyl = (267 — e72)u(t)

1)(s+2)

s+3 K K:
F(s) = _ K Ka
(s+1)(s+2) s+1 s+2
s+3 s+3
Ku = (s+1)F(s)|,__, = s+2 loo1=2 Ka=(s+2)F()|__, = st1l==2" -
s+3 2 -1
F(s)= ———— = —— +
(s+1)(s+2) s+1 s+2
F(s) = s+3 _ Ku Ko (Ku + Kar)s + (2Ku + Kai)
(s+1)(s+2) s+1 s+2 (s+1)(s+2)
K+ K =1 - Kip =2
2Ki1 + Ko =3 Kz = —1
3 2 —1
O e e
(s+1)(s+2) s+1 s+2

F(t) = (2¢ 7" — e *)u(t)
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Inverse Laplace Transform

Example (Improper rational Laplace function with two simple poles)

£ 5] = 8(0) + (1 - 2¢7)u(®)

F(s) = 241 _ -s+1 Ku Koy
s s(s+1) s(s+1) s s+1
—s+1 —s+1
= =1 k= = -
2
1 — 1 1 -2
F(s)=S+ =1+ ot =14+-+
s(s+1) s(s+1) s s+1

f(t) = 8(t) + (1 — 2e~ “u(t)
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Inverse Laplace Transform

Example (Proper rational Laplace function with simple, repeated, and

complex poles)
[45 +19s° +36s +34s+16] — [26_2t + 2e—t + 3te‘t + 2\/§e_tcos(t 4 C45O)] U(t)

(s+2)(s+1)?(s%+2s5+2)

F(S) _ 45* + ].953 + 3652 + 34s + 16 _ K11 " Ky n Kao 4 K31 + K .
(s +2)(s + 1)%(s2 +2s + 2) s+2 s+1 (s+1)2 s+1—j s+1+j
B _4s4+1953+3652+34s+16| _,
BT T 12(sP +2s+2) =2
d  4s* +19s® + 365° 4 34s + 16
KZI:*[ 2 ]|:—1:2
ds (s+2)(s?+25+2) s
4s* +195° + 365% + 345 + 16
Koz = ; o1 =3
(s+2)(s? +2s+2) s
4s* +19s° + 365% + 345 + 16 .
Ka1 = 2 ey =1t
(s+2)(s+1)2(s+1+)) J
4s* +19s% + 365% + 34s + 16 .
Ky = > - |5:_1_- =1—j
(s+2)(s+1)%(s+1—)) I
F(s) 4s* +19s% + 365> + 34s + 16 2 2 3 145 1—j
s) = =

(s+2)(s+1)2(s2+25+2) s+2 teat (s+12  s+1—j s+1+j
f(t) = [2e7% +2e7" + 3te” " +2v/2e " cos(t + /45°)] u(t)
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Inverse Laplace Transform

Example (Proper rational Laplace function with repeated complex

poles)
i ] = [6e73 cos(4t + /90°) — 24te =3 cos(4t)] u(t)

(s2+6s+25)2
F(s) = 768 _ K1 - Ki2 4 Kot - K2 .
(s2+65+25)2 s+3—4 (s+3—4j)2 s+3+4 (s+3+4))?
d 768
Ky= S —2° = 3
n= [(5 T3+ 4j)2} |s:73+4j )
768
Kp= ——2 =12
12 (S +3+ 4j)2 !s:—3+4/
= LT, .
2T s (s+3—4j)2" ls==3-4 J
K= — 1% | -
2T (53 —aj)rl=—-y
768 —3j —12 3j —12
F(s) = = / J

(s2+6s+25)2 s+3—4j + (s+3 — 4j)? + s+3+4j + (s+3+4))?2
f(t) = [fie73t cos(4t + /90°) — 24te ™" cos(4t)] u(t)
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Laplace Analysis




Circuit Analysis

sisAjeuy 1N2IID

Mohammad Hadi

Algebraic Phasor Steady-state

Equations Frequency Responsej

A

Differential Time-domain
Equations Complete Respons

)

Algebraic Laplace Laplace-domain
Equations Complete Respons

J

Figure: Different methods of circuit analysis.
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Laplace Analysis

Example (First-order RC circuit)
The complete response to the impulse and step inputs for a first-order circuit can
be found using Laplace transform.

cduel | vel®) _ (1), ve(07) = Vo

dt R
£+ VY%
Ve(s) = SC+ = ve(t) = [7 + Vole™ R u(t),t >0
Re
Ve(s) = — 2 +E, R

ve(t) = Voe RS u(t) + R(1 — e RC)u(t), t > 0

Mohammad Hadi Circuit Theory Fall 2021 17 /39



Complete Response

w(t) ()

*Ti
()

Figure: Laplace transform for constant-coefficient linear differential equations. Laplace analysis confirms that
for linear systems, the complete response is the sum of zero-input and zero-state responses.

> a¥(e) = i b (), y(07 ),y (07 ),y D07
k=0 =0

z": aks Ys) Zsk K kLl Zb/sW
k=0

k'=1

s) Zn: aks’ — Fo(s) = W(s) z’": bys'
k=0 =

0
S bis' Fo(s)
St =
2 k=0 S 2 ko kS

_ Fo(s)
Y(s) = H(s)W(s) + W

Y(s) =
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Zero-state Response

w(t) y(0)

_ s

Figure: Transfer function for zero-state response of LTI systems.

Laplace-domain zero-state response: Y(s) = H(s)W(s)

Transfer function: H(s) = ZET%O%

Transfer function zeros: {s; € C|H(s;) = 0}

Transfer function poles: {s; € C|H(s;}) = oo}

Time-domain zero-state response: y(t) = h(t) * w(t), h(t) = L7 [H(s)]

Frequency response: H(jw) = H(s)|szjw

Multi-input zero-state response: Y(s) = 3, Hi(s)Wi(s), Hi(s) = 1w (s)=0,k
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Impedance and Admittance

I
—_—
o——
+
v N
o—o|
Figure: Impedance Z(s) = \,/((55)) and admittance Y(s) = ‘I/((SS)) = ﬁ for a one-port network containing no

independent sources and initial conditions.

Element  Impedance Z(s) = \,/((;)) Admittance Y(s) = ",((ss))
Resistor R G
Capacitor é Cs
Inductor Ls L

Table: Impedance and admittance for basic LTI one-port circuit elements. Series and parallel combinations as
well as delta-why conversion can be used for impedance and admittance.
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Impedance and Admittance

i(t) 1
+

I
n : i ]:I: ; e
N OREY y o Ls Li, (07) v s GDM
_ _ _ S

Figure: Series and parallel model of LTI inductor with initial condition in Laplace-domain.

@ Time-domain element equation: v(t) = Li'(t), i (07)
@ Series Laplace-domain element equation: V/(s) = Lsl(s) — Lii(07)

@ Parallel Laplace-domain element equation: /(s) = % + @

Mohammad Hadi
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Impedance and Admittance

i(?) I
vzo Tlc L { v OLA

Figure: Series and parallel model of LTI capacitor with initial condition in Laplace-domain.

| ‘-’;T;N
=
"~
<

e Time-domain element equation: i(t) = Lv/(t), vc(07)

o Parallel Laplace-domain element equation: /(s) = CsV/(s) — Cvc(07)

@ Series Laplace-domain element equation: V(s) = % + VC(Si)

Mohammad Hadi
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Impedance and Admittance

Example (Laplace model of coupled inductors)

Coupled inductors can be modeled in Laplace domain using dependent sources.

IO Y M“ I,
+ e M5 + + O +
v, (1) L L, () |4 Li(07)+ Miy(0 ) Miy(07)+ Lyiy (0°) v,

i (t) lz(f)

I 1
T L R . s
vm L o> v CQ&#‘% . "

vi(t) = Liif (t) + Mij(t) S
{ma:M&n+u&ﬂ L RO

Vl(S) = L15/1(S) =+ MSIQ(S) — (L1i1(0’) + MIQ(Oi))
Vu(s) = Msh(s) + Lash(s) — (Mi(07) + L2i(07))

M~

h(s) = L Vi(s) + T2 vy(s) + 202
h(s) = L Vi(s) + 2 vy(s) + 222
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Laplace Analysis

Example (First-order RC circuit)

The complete response to the impulse and step inputs for a first-order circuit can
be found using Laplace transform.

Ve(s) | Ve(s) 56 v

— Is(s) + + -V =0= Vc(s) = ———

+(s) R 1/Cs 0 c(s) s+ &=
t+ Y%

Is(s) =1= Vc(s) = = i (0)
RC s

1
ve(t) = [z + Vole™ R u(t), ¢ > 0

A
! &+ v 1)
I(s) = = = Ve(s) = &2
s s+ 5¢
Ve R R
Ve(s) = —— + — —

stre s stre

ve(t) = Voe RC u(t) + R(1 — e RC)u(t), t > 0
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Laplace Analysis

Example (Coupled circuit)

A coupled circuit can be analyzed using Laplace transform.

S
¥ i‘(t) O.VSII +
] 2H3Y NEIH
i1(07) =50 6115 -6 504 6Q) . ) v(t)
6|5 + 20 200 50
07) =500 _ 54 -
2 = =
81120 +5 ()
v(07) =5i(07) = 120 0 n
50AG> 26Q (1)
20Q 350

Fall 2021 25 /39
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Laplace Analysis

Example (Coupled circuit)

A coupled circuit can be analyzed using Laplace transform.

(=0 i
I 2HIPNEIH
50A< 26Q °« o v(t
{7O/i+l24—0.5slg+2slz+5/2+0.55/1 —27+5L =0 9 200 50 ®
h=—h

1.5 _
b(s) = -y = () = —i(t) = 1se ™% u(t)
V(S) = 2sh + 0.5shh — 24 + 20/, = (]“55 —+ 20)/1 — 24

—105 15 1

V()= — — —

4 8 s+ 125

—105 15
v(t) = 200 — 2T u(e)
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Laplace Analysis

Example (Node analysis)

Node analysis can be used in Laplace domain.

R,
i (07) MA

5 - i, (1) D R ViC RZ L le:('

o]
=]
RS

S L Mg
1.(s) (D Rz G v ::(T" R,2 L,s % ( VZZ:TJ(D [ACE)

Ry
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Laplace Analysis

Example (Node analysis (cont.))

Node analysis can be used in Laplace domain

B0 /TN
s /
Ls
E, E,
! AVAVAV =
1

A + 1 + 1 3
1.(s) <> R, < q Vi— e R, S Ls g ‘> V,== e C) CF,07)
i) = -

_ i, (07)
715+R1+1/Cls Gwi(07) + B EZ+E 2 4+ — =0
Ey—E Ey—E i (07) 'L( ) E _
A L B M R 2 — Gw(0T) =0

Mohammad Hadi
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Laplace Analysis

Example (Node analysis (cont.))

Node analysis can be used in Laplace domain

W0 TN
Ls
E, R E,
A
y
](S)(DR 3 yLl gz Ls§ yL L Dmfn'
s 13 17 Cys 5 S 3 y 2 Cs RACS]
o) -
7, (00)
A
R 1oy 1 1 _ 1 - "Ll(oi)
rp TGS+ Ry tos Ry T Los |:E1:| _ I+ Gwv(07) - ——
—% o3 R—13+$+Ri2+$+Czs E; 07 ’L2(0 )
s
Mohammad Hadi

+ Gw(07)
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Laplace Analysis

Example (Node analysis (cont.))

Node analysis can be used in Laplace domain.

o b |
0 )R; Vi==C, RS L3 V==C

) Gw(o) - 1
) =40 = [g] + |00
A - 22— 4+ Gw(07)

Mohammad Hadi Circuit Theory
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Laplace Analysis

Example (Mesh analysis)

Mesh analysis can be used in Laplace domain.

i, 1,(07)=24 2”F v.(0T)=2V

1 —
1H >\+ v,

Su(r)

2costu(t)

V(1)

v (1)
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Laplace Analysis

Example (Mesh analysis (cont.))

Mesh analysis can be used in Laplace domain.

2(/1—/3)+9+3S(Il—I3)+3(I3—Il)+ll—%:0
IQ—I3+2525+1 +2hb—3(k—h)=0
5/372+i’:;Jr%+I37/24’35(’37/1)794»2(/37/1):0
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Laplace Analysis

Example (Mesh analysis (cont.))

Mesh analysis can be used in Laplace domain.

2+3s+1—3 0 —2—-35+3 h -9+ 32
S
+3 142 -1-3 b|=| —275

2

—3s -2 -1 s+ +1+3s542

Mohammad Hadi Circuit Theory Fall 2021 33/39



Laplace Analysis

Example (Mesh analysis (cont.))

Mesh analysis can be used in Laplace domain.

i, 1, (07)=24 %IF v.(0T)=2V

R

- c

3

i, (07)=34 o
L2

Su(t)

2costu(l)

Va(0)
K¢
S)
S
o\
ie
v, (1) =
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Phasor Analysis

w(t) (@)

*Ti
()

Figure: An LTI circuit with sinusoidal input w(t) = Acos(wot)u(t) and initial conditions. For simplicity, the
poles of the transfer function are assumed to be simple. If the poles are in the left-side complex half-plane,
sinusoidal steady state exists and H(jw) = H(s)|s—je -

Fo(s) Bi(s) Fo(s) As
Y(s) = H(s)W = + , W(s)= 55—
(5) = W) + 2205 = ZLOWE) + 20 W) =
Bi(s As Fo(s 1k K K 2 K
Yis) = ) A Rl L S S S
I12,(s — pi) s* + wp [T:2,(s — pi) S s—p s—jw st+jwu T s—pi
) Bi(s As i Ajwi A
ko = (S—on)# T e = HGwo) =22 = 2 Hjwo)
[TiZo(s — pi) 8% 4wy =0 Jwo +jwo 2

y(t) = u( Z kiePit 4+ u(t)Z ki ePi + A|H(jwo)| cos(wot + /H(jwa))u(t)
R{pi} < 0,Vi= y(t) = A|[H(jwo)| cos(wot + {H(jwo))u(t)
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Phasor Analysis

Example (Sinusoidal steady state response)

The sinusoidal steady state response of the circuit characterized by Y(s) =
;%IHW(S) + ;% to the input w(t) = v/2cos(t — /45°)u(t) is yess(t)
0.9 cos(t — /63.4°)u(t).

s+1

w(t) = \f2cos(t — /85°)u(t) = W(s) = TH

s+1 s+1 3s+1

Y =
() 52+2s+252+1+52+25+2

Y(s) 0.22/153.4° 0.22/—153.4O 0.45/—63‘4O . 0.45/63.4° 3(s+1)—2
s) =

s+1—j s+14j s—j s+j (s+1)2+1
y(t) = 0.44e™ " cos(t + /153.4°)u(t) 4+ 0.9 cos(t — /63.4°) + (€3~ F cos(t) — 2e " sin(t))u(t)
£ = 00 = () = 0.9 cos(t — /63.4)u(t)

. j+1 1+ . o .
H(1) = H(s)|ewip = ——— = . W) = V2/—45° =1 —
U1) = HEop = s = g WOD = V2 J
o
Y(1) = WUDH(L) = £ LJ_(:[ —j) =0.9/—63.4°
-J

ysss(t) =0.9 COS(l’ — 163.40)
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Phasor Analysis

Example (Sinusoidal steady state for pure imaginary poles)

For the circuit characterized by Y (s) = 355+5(Ss‘;-++2i2+)%§251+1;45+4 W(s) and stimulated
by the input w(t) = 0.5sin(2t)u(t) , the steady state response can be still defined

and equals yess(t) = cos(2t)u(t).

1
t) = 0.5sin(2t)u(t) = W(s) = ——
w(t) in(2t)u(t) (s) e
¥(s) 3s® +55* +145% + 155> + 14s +4 1
s) =
(24254 2)(s2 4+ 1) s2+4
0.5 0.5 0.5 0.5 0.5 0.5
Y(s) = + +

— 0+ - - - p -
s+1—j s+1+j s—j s+j s—2j s+2j
y(t) = e " cos(t)u(t) + cos(t)u(t) + cos(2t)u(t)

t — 00 = Ysss(t) = cos(t)u(t) + cos(2t)u(t)

H(j2) = H(s)|szjp = 2j, W(j2) = 0.5/=90° = —0.5;
Y(j2) = W(j2)H(j2) = 1

Ysss(t) = cos(2t)
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The End
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