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MATHEMATICAL QUESTIONS

Question 1
Find the equivalent resistance of the ladder network in Fig. 1.

Figure 1: Ladder resistor network.

Let R be the equivalent resistor seen from the terminal point A and B. Since the ladder
has infinite length, the same equivalent resistor R is seen from each vertical resistor R2.
Therefore,R = R1 +R2||R = R1 +R2R/(R2 +R). This is a second-order equation, whose
acceptable solution is

R =
R1 +

√
R2

1 + 4R1R2

2
.

Question 2
How are ∆ and T resistor networks in Fig. 2 equivalent? (Hint: If two circuits are equivalent,
the terminal voltages and currents must be equal.)

(a) (b)

Figure 2: Two well-known equivalent resistor circuits. (a) ∆ network. (b) T network.

Question 2 continued on next page. . . Page 1 of 10
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The networks should behave the same for any values of ia, ib, ic, id and va, vb, vc, vd. Es-
pecially, when ib = 0, then vc − va = iaR1 + iaR3 = iaRA||(RB + RC), which results in
R1 +R3 = RA||(RB +RC). Similarly, if ia = 0,R2 +R3 = RC ||(RB +RA), and if ic+ id = 0,
R1 +R2 = RB||(RC +RA). These equations lead to

R1 =
RARB

RA +RB +RC

,
R2 =

RBRC
RA +RB +RC

, and
R3 =

RARC
RA +RB +RC

. Further,
RA =

R1R2 +R2R3 +R3R1

R2

,
RB =

R1R2 +R2R3 +R3R1

R3

, and
RC =

R1R2 +R2R3 +R3R1

R1

.

Question 3
Determine the Thevenin equivalent seen by −j10 Ω impedance of Fig. 3 and use this to com-
pute V1.

Figure 3: A circuit for which Thevenin equivalent seen by −j10 Ω impedance is desired.

Question 3 continued on next page. . . Page 2 of 10
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Figure 4: (a) The Thevenin equivalent seen by the−j10 Ω impedance is desired. (b) Voc is defined.
(c) Zth is defined. (d) The circuit is redrawn using the Thevenin equivalent.

The open-circuit voltage, defined in Fig. 4(b), is

Voc = (16 0◦)(4− j2)− (−0.5 6 − 90◦)(2 + j4) = 4− j2 + 2− j1 = 6− j3 V

. The impedance of the inactive circuit of Fig. 4(c) as viewed from the load terminals is
simply the sum of the two remaining impedances. Hence,

Zth = 6 + j2 Ω

. When we reconnect the circuit as in Fig. 4(d), the current directed from node 1 toward
node 2 through the −j10 Ω load is

I12 =
6− j3

6 + j2− j10
= 0.6 + j0.3 A

. We now know the current flowing through the −j10 Ω impedance of Fig. 4(a). Note that
we are unable to compute V1 using the circuit of Fig. 4(d) as the reference node no longer
exists. Returning to the original circuit, then, and subtracting the 0.6 + j0.3 A current from
the left source current, the downward current through the 4− j2 Ω branch is found

I1 = 1− 0.6− j0.3 = 0.4− j03 A

Question 3 continued on next page. . . Page 3 of 10
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and, thus,
V1 = (4− j2)(0.4− j03) = 1− j2 V

.

Question 4
Household electrical voltages are typically quoted as 220 V in Iran. However, these values
do not represent the peak ac voltage. Rather, they represent what is known as the root mean
square of the voltage, defined as

Vrms =

√
1

T

∫ T

0
V 2
m cos2(ωt)dt

where T = 1
f is the period of the waveform, Vm is the peak voltage, and ω = 2πf is the wave-

form angular frequency, where f = 50 Hz in Iran.

(a) Perform the indicated integration, and show that for a sinusoidal voltage Vrms = Vm√
2
.

Vrms =
√

1
T

∫ T
0 V 2

m cos2(ωt)dt =
√

1
T

∫ T
0 V 2

m
1+cos(2ωt)

2 dt =
√

1
T V

2
m
T+0
2 = Vm√

2

(b) Compute the peak voltages corresponding to the rms voltage 220 V.

Vm = 220
√

2 = 311.13 V

Question 5
Consider the circuit shown in Fig. 5, where Vref is provided by a regulated voltage source.
Show that the circuit can act like a current source and find the constant current Is flowing to
the resistive load RL.

Figure 5: An Op Amp-based current source.

Question 5 continued on next page. . . Page 4 of 10
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The voltage at the inputs of the Op Amp is 0. A KCL at the inverting leg of the Op Amp
results in Vref

Rref
= IS . Clearly, the constant current IS does not depend on RL and flows

through the load resistor RL, regardless of its value.

Question 6
Find the differential equation relating ix(t) to vs(t) for the circuit displayed in Fig. 6 and obtain
the corresponding impulse and step responses.

Figure 6: A circuit whose impulse and step responses are intended.

vC(t) + 1.5i′x(t) + 2.2ix(t) = vs(t), ix(t) =
vC(t)

1
+ 0.4v′C(t) = vC(t) + 0.4v′C(t)

ix(t) = (vs(t)− 1.5i′x(t)− 2.2ix(t)) + 0.4(vs(t)− 1.5i′x(t)− 2.2ix(t))′

ix(t) = vs(t)− 1.5i′x(t)− 2.2ix(t) + 0.4v′s(t)− 0.6i′′x(t)− 0.88i′x(t)

i′′x(t) + 3.97i′x(t) + 5.33ix(t) = 1.67vs(t) + 0.67v′s(t)

.
When the circuit is driven with vs(t) = δ(t), the impulse response is the solution of

h′′(t) + 3.97h′(t) + 5.33h(t) = 1.67δ(t) + 0.67δ′(t)

. The characteristic equation of the corresponding homogeneous differential equation is
s2 + 3.97s+ 5.33 = 0 with the roots s1 = −1.985 + j1.179 and s2 = −1.985− j1.179. After
t > 0, the differential equation is identical with its homogeneous form

h′′(t) + 3.97h′(t) + 5.33h(t) = 0

because δ(t) = δ′(t) = 0 for t > 0. Since, the characteristic equation has two complex
conjugate roots, for t > 0, the solution is

h(t) = (B1e
−1.985t+j1.179t +B2e

−1.985t−j1.179t)u(t)

Question 6 continued on next page. . . Page 5 of 10
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or equivalently,

h(t) = e−1.985t(A1 cos(1.179t) +A2 sin(1.179t))u(t)

. At t = 0, this solution should make both sides of the equation balanced. So,

h′′(t) + 3.97h′(t) + 5.33h(t) = 1.67δ(t) + 0.67δ′(t)

. We have,
h′(t) =

[
− 1.985e−1.985t (A1 cos (1.179t) +A2 sin (1.179t))

+e−1.985t (−1.179A1 sin (1.179t) + 1.179A2 cos (1.179t))
]
u(t) +A1δ(t)

h′′(t) =
[
2.5504A1e

−1.985t cos (1.179t) + 4.681A1e
−1.985t sin (1.179t)

+2.5504A2e
−1.985t sin (1.179t)− 4.681A2e

−1.985t cos (1.179t)
]
u(t)

+(−1.985A1 + 1.179A2)δ(t) +A1δ
′(t)

Substituting the derivatives in the differential equation,

(−1.985A1 + 1.179A2)δ(t) +A1δ
′(t) + 3.97A1δ(t) = 1.67δ(t) + 0.67δ′(t)

Therefore,

⇒

{
A1 = 0.67

1.985A1 + 1.179A2 = 1.67
⇒

{
A1 = 0.67

A2 = 0.29

. Finally,
h(t) = e−1.985t(0.67 cos(1.179t) + 0.29 sin(1.179t))u(t)

. Further,

s(t) =

∫ t

−∞
h(τ)dτ =

[
0.0402e−1.985t sin (1.179t)−0.3137e−1.985t cos (1.179t)+0.3137

]
u(t)

.

Question 7
Consider a series RL circuit driven with the voltage source v(t), where the loop current i(t)
should be calculated.

(a) Find the zero-input response if the initial current is i(0) = I0.

Li′(t) +Ri(t) = 0, i(0) = I0

, which is a homogeneous first-order equation with the solution

i(t) = I0e
−R
L
t

Question 7 continued on next page. . . Page 6 of 10
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(b) Find the step response.

Li′(t) +Ri(t) = u(t), i(0) = 0

, which is a non-homogeneous first-order equation with the solution

s(t) = i(t) =
1

R
(1− e−

R
L
t)u(t)

(c) Find the impulse response.

h(t) = s′(t) =
1

R
(1− e−

R
L
t)δ(t) +

1

L
e−

R
L
tu(t) =

1

L
e−

R
L
tu(t)

(d) Find the zero-state response if v(t) = V0e
−tu(t).

At first, let evaluate e−αtu(t) ∗ e−βtu(t). Assuming α 6= β,

e−αtu(t) ∗ e−βtu(t) =

∫ ∞
−∞

e−ατu(τ)e−β(t−τ)u(t− τ)dτ = e−βtu(t)

∫ t

0
e(β−α)τdτ

= u(t)e−βt
1

β − α
e(β−α)τ

∣∣t
0

= u(t)
1

β − α
e−βt(e(β−α)t − 1) =

1

β − α
(e−αt − e−βt)u(t)

. For α = β,

e−αtu(t) ∗ e−αtu(t) =

∫ ∞
−∞

e−ατu(τ)e−α(t−τ)u(t− τ)dτ = e−αtu(t)

∫ t

0
dτ = te−αtu(t)

Now,
i(t) = V0e

−tu(t) ∗ 1

L
e−

R
L
tu(t) =

V0
L
e−tu(t) ∗ e−

R
L
tu(t)

. If R 6= L,
i(t) =

V0
L

1
R
L − 1

(e−t − e−
R
L
t)u(t) =

V0
R− L

(e−t − e−
R
L
t)u(t)

. When R = L,
i(t) =

V0
L
te−tu(t)

.

(e) Find the complete response if v(t) = V0e
−tu(t) and i(0) = I0.

Question 7 continued on next page. . . Page 7 of 10
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If R 6= L,
i(t) = I0e

−R
L
t +

V0
R− L

(e−t − e−
R
L
t)u(t)

. When R = L,
i(t) = I0e

−t +
V0
L
te−tu(t)

.

(f) Find the complete response if v(t) = V0 cos(ωt+ θ)u(t) and i(0) = I0. How does the complete
response relate to the sinusoidal steady state response?

Question 7 continued on next page. . . Page 8 of 10
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The zero-input, zero-state impulse, and zero-state step responses donot change by altering
the input voltage. So, when the input is v(t) = V0 cos(ωt+θ), the zero-state response equals

v(t) ∗ h(t) = V0 cos(ωt+ θ)u(t) ∗ 1

L
e−

R
L
tu(t) =

V0
L

[ej(ωt+θ) + e−j(ωt+θ)

2

]
u(t) ∗ e−

R
L
tu(t)

=
V0
2L

[
ejθejωtu(t) ∗ e−

R
L
tu(t) + e−jθe−jωtu(t) ∗ e−

R
L
tu(t)

]
=
V0
2L

[
ejθ

1
R
L + jω

(ejωt − e−
R
L
t)u(t) + e−jθ

1
R
L − jω

(e−jωt − e−
R
L
t)u(t)

]
=
V0
2L
u(t)

[ 1
R
L + jω

ej(ωt+θ) +
1

R
L − jω

e−j(ωt+θ)
]
− V0

2L
u(t)e−

R
L
t
[ 1
R
L + jω

ejθ +
1

R
L − jω

e−jθ
]

=
V0
2L
u(t)× 2Re

{ 1
R
L + jω

ej(ωt+θ)
}
− V0

2L
u(t)e−

R
L
t × 2Re

{ 1
R
L + jω

ejθ
}

=
V0
L
u(t)×Re

{ 1√
R2

L2 + ω2
ej(ωt+θ−tan

−1(ωL
R

))
}
−V0
L
u(t)e−

R
L
t×Re

{ 1√
R2

L2 + ω2
ej(θ−tan

−1(ωL
R

))
}

=
V0
L
u(t)

1√
R2

L2 + ω2
cos(ωt+θ−tan−1(

ωL

R
))− V0

L
u(t)e−

R
L
t 1√

R2

L2 + ω2
cos(θ−tan−1(

ωL

R
))

=
V0√

R2 + ω2L2
cos(ωt+ θ− tan−1(

ωL

R
))u(t)− V0√

R2 + ω2L2
e−

R
L
t cos(θ− tan−1(

ωL

R
))u(t)

Finally, the complete solution equals

i(t) = I0e
−R
L
t+

V0√
R2 + ω2L2

cos(ωt+ θ − tan−1(
ωL

R
))u(t)− V0√

R2 + ω2L2
e−

R
L
t cos(θ − tan−1(

ωL

R
))u(t)

. When the transients die at t→∞, the complete response is equal to

i(t) =
V0√

R2 + ω2L2
cos(ωt+ θ − tan−1(

ωL

R
))u(t)

, which is exactly the steady state sinusoidal current. In a better presentation,

i(t) =
∣∣ V0e

jθ

R+ jωL

∣∣ cos(ωt+ 6
[ V0e

jθ

R+ jωL

]
)u(t)

, where V0ejθ

R+jωL is the phasor of the current.

SOFTWARE QUESTIONS
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BONUS QUESTIONS

Question 8
Return your answers by filling the LATEXtemplate of the assignment.
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	Perform the indicated integration, and show that for a sinusoidal voltage Vrms=Vm2.
	Compute the peak voltages corresponding to the rms voltage 220 V.

	
	
	
	Find the zero-input response if the initial current is i(0)=I0.
	Find the step response.
	Find the impulse response.
	Find the zero-state response if v(t)=V0e-tu(t).
	Find the complete response if v(t)=V0e-tu(t) and i(0)=I0.
	Find the complete response if v(t)=V0cos(t +)u(t) and i(0)=I0. How does the complete response relate to the sinusoidal steady state response?

	

