
Three-phase Circuits

Mohammad Hadi

mohammad.hadi@sharif.edu

@MohammadHadiDastgerdi

Fall 2021

Mohammad Hadi Circuit Theory Fall 2021 1 / 42



Overview

1 Electricity Delivery System

2 Three-phase Voltage Source

3 Three-phase Balanced Circuits

4 Three-phase Inter-connection

5 Power Measurement

6 Phase Sequence Determination

Mohammad Hadi Circuit Theory Fall 2021 2 / 42



Electricity Delivery System
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Electricity Delivery System

Figure: Electricity delivery system.

Generation, transmission, and distribution subsystems

Three-phase and high-voltage transmission
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High-voltage Transmission

Figure: Simplified power transmission model with ZL = RL + jXL and Zl = Rl + jXl .

Load power: PL = |VL||IL| cos(∠VL − ∠IL)

Transmission loss: Pl = Rl |Il |2 =
RlP

2
L

V 2
L cos2(∠VL−∠IL)

High transmission voltage to reduce transmission loss

Unit power factor to reduce transmission loss
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Three-phase Transmission

Figure: An example set of three voltages, each of which is 120◦ out of phase with the other two.

Three-phase synchronous generators

Three-phase loads and motors

Three-wire transmission line

Constant instantaneous power delivery

Efficient rectification for DC generation
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Three-phase Voltage Source
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Three-phase Voltage Source

Figure: Positive (abc) and negative (acb) phase sequence in three-phase voltage source.

Positive sequence:
van(t) = V cos(ωt) ≡ Van = V 0◦

vbn(t) = V cos(ωt − 120◦) ≡ Vbn = V −120◦

vcn(t) = V cos(ωt + 120◦) ≡ Vcn = V 120◦

Negative sequence:
van(t) = V cos(ωt) ≡ Van = V 0◦

vbn(t) = V cos(ωt + 120◦) ≡ Vbn = V 120◦

vcn(t) = V cos(ωt − 120◦) ≡ Vcn = V −120◦

van(t) + vbn(t) + vcn(t) = 0⇒ Van + Vbn + Vcn = 0
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Three-phase Balanced Circuits
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Three-phase Balanced Circuits

Figure: A three-phase system, connected Y-Y and including a neutral.

KCL: VNn

Zln
+ VNn−Va′n

Zga+Zla+ZLA
+ VNn−Vb′n

Zgb+Zlb+ZLB
+ + VNn−Vc′n

Zgc+Zlc+ZLC
= 0

Balanced condition:


Va′n + Vb′n + Vc′n = 0

Zga = Zgb = Zgc = Zg

Zla = Zlg = Zlc = Zl

ZLA = ZLB = ZLC = ZL

⇒ VNn = 0⇒ INn = 0
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Three-phase Balanced Circuits

Figure: A three-phase system, connected Y-Y and including a neutral.

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.
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Three-phase Inter-connection
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Three-phase Inter-connection

Figure: Typical three-phase connections for source and load.
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Phase/Line Quantities

Figure: Phase and line quantities for load in ∆ and Y connections.

∆ load:

Line voltages: (VAB ,VBC ,VCA)
Line currents: (IaA, IbB , IcC )
Phase voltages: (VAB ,VBC ,VCA)
Phase currents: (IAB , IBC , ICA)

Y load:

Line voltages: (VAB ,VBC ,VCA)
Line currents: (IaA, IbB , IcC )
Phase voltages: (VAN ,VBN ,VCN)
Phase currents: (IaA, IbB , IcC )
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Phase/Line Quantities

Figure: Phase and line quantities for source in ∆ and Y connections.

∆ source:

Line voltages: (Vab,Vbc ,Vca)
Line currents: (IaA, IbB , IcC )
Phase voltages: (Vab,Vbc ,Vca)
Phase currents: (Iba, Icb, Iac)

Y source:

Line voltages: (Vab,Vbc ,Vca)
Line currents: (IaA, IbB , IcC )
Phase voltages: (Van,Vbn,Vcn)
Phase currents: (IaA, IbB , IcC )

Mohammad Hadi Circuit Theory Fall 2021 15 / 42



∆-Y Conversion

Figure: ∆-Y conversion for balanced load.
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∆-Y Conversion

Figure: ∆-Y conversion for balanced source, where (Va′n,Vb′n,Vc′n) = ( 1√
3
−30◦)(Vab′′ ,Vbc′′ ,Vca′′ ) for

positive sequence and (Va′n,Vb′n,Vc′n) = ( 1√
3

30◦)(Vab′′ ,Vbc′′ ,Vca′′ ) for negative sequence.


Vc′n − Va′n = Vca′′

Va′n − Vb′n = Vab′′

Vb′n − Vc′n = Vbc′′

Va′n + Vb′n + Vc′n = 0

⇒


Va′n = 1

3 Vab′′ − 1
3 Vca′′

Vb′n = 1
3 Vbc′′ − 1

3 Vab′′

Vc′n = 1
3 Vca′′ − 1

3 Vbc′′

Vab′′ + Vbc′′ + Vca′′ = 0
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Y-Y Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

At source:

|Vab| =
√
3|Van|

|IaA|
|SS | =

√
3|Vab||IaA|

At load:

|VAB | =
√
3|VAN |

|IaA|
|SL| =

√
3|VAB ||IaA|
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Y-Y Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

Source:

KVL: IaA =
Va′n

Zg +Zl+ZL

KVL: Van = Va′n − InaZg

KVL: Vab = Van − Vbn = Van − Van −120◦ = Van

√
3 30◦

Line currents: (IaA, IbB , IcC ) = IaA(1, 1 −120◦, 1 +120◦)
Line voltage: (Vab,Vbc ,Vca) = Vab(1, 1 −120◦, 1 +120◦)
Phase currents: (IaA, IbB , IcC )
Phase voltage: (Van,Vbn,Vcn) =

1√
3
−30◦(Vab,Vbc ,Vca)
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Y-Y Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

Load:

KVL: IaA =
Va′n

Zg +Zl+ZL

KVL: VAN = IANZL

KVL: VAB = VAN − VBN = VAN − VAN −120◦ = VAN

√
3 30◦

Line currents: (IaA, IbB , IcC ) = IaA(1, 1 −120◦, 1 +120◦)
Line voltage: (VAB ,VBC ,VCA) = VAB(1, 1 −120◦, 1 +120◦)
Phase currents: (IaA, IbB , IcC )
Phase voltage: (VAN ,VBN ,VCN) =

1√
3
−30◦(VAB ,VBC ,VCA)
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Y-Y Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

Delivered instantaneous power:

pS (t) = van(t)ina(t) + vbn(t)inb(t) + vcn(t)inc (t)

= |Van||IaA|[cos(∠Van − ∠IaA) + cos(2ωt + ∠Van + ∠IaA)]

+ |Vbn||IbB |[cos(∠Vbn − ∠IbB ) + cos(2ωt + ∠Vbn + ∠IbB )]

+ |Vcn||IcC |[cos(∠Vcn − ∠IcC ) + cos(2ωt + ∠Vcn + ∠IcC )]

= |Van||IaA|[cos(2ωt + ∠Van + ∠IaA) + cos(2ωt + ∠Van + ∠IaA − 240◦)

+ cos(2ωt + ∠Van + ∠IaA + 240◦)] + 3|Van||IaA| cos(∠Van − ∠IaA)

= 3|Van||IaA| cos(∠Van − ∠IaA)

=
√

3|Vab||IaA| cos(∠Van − ∠IaA)
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Y-Y Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

Delivered apparent power:

SS = VanI
∗
na + VbnI

∗
nb + VcnI

∗
nc

= |Van||IaA|(∠Van − ∠IaA) + |Vbn||IbB |(∠Vbn − ∠IbB ) + |Vcn||IcC |(∠Vcn − ∠IcC )

= 3|Van||IaA|(∠Van − ∠IaA) =
√

3|Vab||IaA|(∠Van − ∠IaA)

Delivered real power:

PS = 3|Van||IaA| cos(∠Van − ∠IaA) =
√

3|Vab||IaA| cos(∠Van − ∠IaA)

Delivered reactive power:

QS = 3|Van||IaA| sin(∠Van − ∠IaA) =
√

3|Vab||IaA| sin(∠Van − ∠IaA)
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Y-Y Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

Absorbed instantaneous power:

pL(t) = vAN (t)iAN (t) + vBN (t)iBN (t) + vCN (t)iCN (t)

= |VAN ||IaA|[cos(∠VAN − ∠IaA) + cos(2ωt + ∠VAN + ∠IaA)]

+ |VBN ||IbB |[cos(∠VBN − ∠IbB ) + cos(2ωt + ∠VBN + ∠IbB )]

+ |VCN ||IcC |[cos(∠VCN − ∠IcC ) + cos(2ωt + ∠VCN + ∠IcC )]

= |VAN ||IaA|[cos(2ωt + ∠VAN + ∠IaA) + cos(2ωt + ∠VAN + ∠IaA − 240◦)

+ cos(2ωt + ∠VAN + ∠IaA + 240◦)] + 3|VAN ||IaA| cos(∠VAN − ∠IaA)

= 3|VAN ||IaA| cos(∠VAN − ∠IaA)

=
√

3|VAB ||IaA| cos(∠VAN − ∠IaA)

=
√

3|VAB ||IaA| cos(∠ZL)
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Y-Y Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-Y three-phase system.

Absorbed apparent power:

SL = VAN I
∗
AN + VBN I

∗
BN + VCN I

∗
CN

= |VAN ||IaA|(∠VAN − ∠IaA) + |VBN ||IbB |(∠VBN − ∠IbB ) + |VCN ||IcC |(∠VCN − ∠IcC )

= 3|VAN ||IaA|(∠VAN − ∠IaA) =
√

3|VAB ||IaA|(∠VAN − ∠IAN ) =
√

3|VAB ||IaA|(∠ZL)

Absorbed real power:

PL = 3|VAN ||IaA| cos(∠VAN − ∠IaA) =
√

3|VAB ||IaA| cos(∠VAN − ∠IaA) =
√

3|VAB ||IaA| cos(∠ZL)

Absorbed reactive power:

QL = 3|VAN ||IaA| sin(∠VAN − ∠IaA) =
√

3|VAB ||IaA| sin(∠VAN − ∠IaA) =
√

3|VAB ||IaA| sin(∠ZL)
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Y-∆ Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-∆ three-phase system.

At source:

|Vab| =
√
3|Van|

|IaA|
|SS | =

√
3|Vab||IaA|

At load:

|VAB |
|IaA| =

√
3|IAB |

|SL| =
√
3|VAB ||IaA|
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Y-∆ Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-∆ three-phase system.

Load:

KVL: IaA =
Va′n

Zg +Zl+ZL/3

KVL: VAN = IANZL/3
KVL: IaA = IAB − ICA = (VAB − VAB +120◦)/ZL = IAB

√
3 −30◦

Line currents: (IaA, IbB , IcC ) = IaA(1, 1 −120◦, 1 +120◦)
Line voltage: (VAB ,VBC ,VCA) = VAB(1, 1 −120◦, 1 +120◦)
Phase currents: (IAB , IBC , ICA) =

1√
3
30◦(IaA, IbB , IcC )

Phase voltage: (VAB ,VBC ,VCA)
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Y-∆ Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence Y-∆ three-phase system.

Absorbed instantaneous power:

pL(t) = 3|VAB ||IAB | cos(∠VAB − ∠IAB ) =
√

3|VAB ||IaA| cos(∠VAB − ∠IAB ) =
√

3|VAB ||IaA| cos(∠ZL)

Absorbed apparent power:

SL = 3|VAB ||IAB |(∠VAB − ∠IAB ) =
√

3|VAB ||IaA|(∠VAB − ∠IAB ) =
√

3|VAB ||IaA|(∠ZL)

Absorbed real power:

PL = 3|VAB ||IAB | cos(∠VAB − ∠IAB ) =
√

3|VAB ||IaA| cos(∠VAB − ∠IAB ) =
√

3|VAB ||IaA| cos(∠ZL)

Absorbed reactive power:

QL = 3|VAB ||IAB | sin(∠VAB − ∠IAB ) =
√

3|VAB ||IaA| sin(∠VAB − ∠IAB ) =
√

3|VAB ||IaA| sin(ZL)
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∆-Y Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence ∆-Y three-phase system.

At source:

|Vab|
|IaA| =

√
3|Iba|

|SS | =
√
3|Vab||IaA|

At load:

|VAB | =
√
3|VAN |

|IaA|
|SL| =

√
3|VAB ||IaA|
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∆-∆ Balanced Connection

Figure: Single-phase equivalent circuit for a balanced positive-sequence ∆-∆ three-phase system.

At source:

|Vab|
|IaA| =

√
3|Iba|

|SS | =
√
3|Vab||IaA|

At load:

|VAB |
|IaA| =

√
3|IAB |

|SL| =
√
3|VAB ||IaA|
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Balanced Three-phase Interconnection

Example (Delta-Wye connection for induction motors)

Induction motors provide much torque for ∆ connection.

Y connection:

PY =
√

3|VAB ||IaA| cos(∠ZL)

=
√

3|VAB |
|VAN |
|ZL|

cos(∠ZL)

=
|VAB |2

|ZL|
cos(∠ZL)

∆ connection:

P∆ =
√

3|VAB ||IaA| cos(∠ZL)

=
√

3|VAB |
√

3|IAB | cos(∠ZL)

= 3|VAB |
|VAB |
|ZL|

cos(∠ZL) = 3PY
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Balanced Three-phase Interconnection

Example (Reactive power compensation)

The pure leading capacitive load Z1 can compensate for the reactive power absorbed
by the lagging inductive load Z2 with PF2 = 0.75 and |S2| = 30 kVA, where the
line voltage is 381 Vrms.

Inductive load:

S2 = 30 + cos−1(0.75) = 30 41.41◦ = 22.5 + j19.84 kVA

Capacitive load:

S1 = 3VA1B1
I∗A1B1

= 3(jBc )∗|VA1B1
|2 = −j3Bc × 3812 VA

Overall load:

S = S1 + S2 = 22.5 + j19.84− j435.5Bc

=S = 0⇒ Bc = 0.0456 f
f = 50 Hz⇒ Bc = ωC = 2πfC = 0.0286⇒ C = 145 µF

Mohammad Hadi Circuit Theory Fall 2021 31 / 42



Balanced Three-phase Interconnection

Example (Reactive power compensation)

The pure leading capacitive load Z1 can compensate for the reactive power absorbed
by the lagging inductive load Z2 with PF2 = 0.75 and |S2| = 30 kVA, where the
line voltage is 381 Vrms.

Inductive load:

S2 = 3VA2N
I∗aA2

,VA2N
=

381
√

3
0◦

⇒ IaA2
= 45.5 −41.41◦

Capacitive load:

IaA1
= (jBc )|VA1B1

| 30◦(
√

3 −30◦) = 30.1 90◦

Overall load:

IaA = IaA1
+ IaA2

= 34.1− j0.0 = 34.1 0◦
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Imbalanced Three-phase Interconnection

Example (Imbalanced three-phase circuit analysis)

Nodal or mesh analysis can be used to analyze the imbalanced three-phase circuit
below.

(Va′n,Vb′n,Vc′n) = 1000(1, 1∠− 120◦, 1∠120◦) Vrms

Zga = Zgb = Zgc = 2 + j8, Zla = Zlb = Zlc = 1 + j2, ZLA = 19 + j18, ZLB = 49− j2, ZLC = 29 + j50 Ω{
(zgc + Zlc + ZLC )IcC + (ZLA + Zla + Zga)(IcC + IbB ) = Vc′n − Va′n
(zgb + Zlb + ZLB )IbB + (ZLA + Zla + Zga)(IcC + IbB ) = Vb′n − Va′n

⇒


IaA = 13.15− j19.15

IbB = −19.95− j10.38

IcC = 6.8 + j19.53

⇒ S = ZLA|IaA|2 + ZLB |IbB |2 + ZLC |IcC |2 = 42057 + 24994 VA, Lag
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Power Measurement
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Ideal Power Meter

Figure: Ideal single-phase wattmeter with having no voltage drop and no drawn current in series and parallel
measuring branch, respectively.

W = <{VI∗} = |V ||I |PF = PL
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Three-phase Power Measurement

Figure: Three-phase power measurement using three wattmeters.

W1 + W2 + W3 = <{VAN I
∗
AN} + <{VBN I

∗
BN} + <{VCN I

∗
CN} = PL
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Three-phase Power Measurement

Figure: Three-phase power measurement using two wattmeters.

W1 + W2 = <{VAB I
∗
aA + VCB I

∗
cC}

= <{(VAN + VNB )I∗aA + (VCN + VNB )I∗cC}

= <{VAN I
∗
aA + VNB (IaA + IcC )∗ + VCN I

∗
cC}

= <{VAN I
∗
aA + VBN I

∗
bB + VCN I

∗
cC} = PL

W1 + W2 = <{VAB I
∗
aA + VCB I

∗
cC}

= <{VAB (IAB − ICA)∗ + VCB (ICA − IBC )∗}

= <{VAB I
∗
AB + (VCB − VAB )I∗CA + VBC I

∗
BC}

= <{VAB I
∗
AB + VCAI

∗
CA + VBC I

∗
BC} = PL
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Three-phase Power Measurement

Figure: Three-phase balanced power measurement using two wattmeters for positive phase sequence.

W1 + W2 = <{VAB I
∗
aA + VCB I

∗
cC}

= <{(
√

3∠30◦)VaAI
∗
AN + (

√
3∠− 30◦)VCN I

∗
cC}

= <{[(
√

3∠30◦) + (
√

3∠− 30◦)]VAN I
∗
aA}

= <{2
√

3 cos(30◦)VAN I
∗
AN}

= 3<{VAN I
∗
aA} = PL

W2 −W1 = <{VCB I
∗
cC − VAB I

∗
aA}

= <{(
√

3∠− 30◦)VCN I
∗
cC − (

√
3∠30◦)VAN I

∗
aA}

= <{[(
√

3∠− 30◦)− (
√

3∠30◦)]VAN I
∗
aA}

= <{−j2
√

3 sin(30◦)VAN I
∗
aA}

=
1
√

3
3={VAN I

∗
aA} =

Q
√

3

PF = cos
(

tan−1 (√3(W2 −W1)/(W1 + W2)
))
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Phase Sequence Determination
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Phase Sequence Determination

Example (Phase sequence determination by imbalance load)

An imbalanced load of 100(1, 90◦, 1) can be used to determine the phase sequence
in the circuit below, where is absolute phase voltage is 220 Vrms.

Positive phase sequence:{
100IAN + j100(IAN + ICN ) = VAB = 381∠0◦

−100ICN − j100(IAN + ICN ) = VBC = 381∠− 120◦

⇒
{
IAN = 1.9∠− 48.45◦

ICN = 0.51∠71.55◦
⇒ |VAN | > |VCN |

Negative phase sequence:{
100IAN + j100(IAN + ICN ) = VAB = 381∠0◦

−100ICN − j100(IAN + ICN ) = VBC = 381∠120◦

⇒
{
IAN = 0.51∠11.55◦

ICN = 1.9∠− 108.45◦
⇒ |VAN | < |VCN |
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Phase Sequence Determination

Example (Phase sequence determination by induction motors)

The direction of rotation in three-phase induction motors is an indicator of the
phase sequence.
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The End
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