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Question 1
For the circuit shown in Fig. 1,

Figure 1: Lattice network.

(a) Find the network function H(jω) = V2(jω)
V1(jω)

, where Z(jω) and Y (jω) denote impedance and
admittance of the diagonal single-port passive networks.

V2(jω) =
Y −1 + Z

Y −1 + Z + Z
V1(jω)− Z

Y −1 + Z + Z
V1(jω) =

Y −1

Y −1 + 2Z
V1(jω) =

1

1 + 2ZY
V1(jω)

So,
H(jω) =

V2(jω)

V1(jω)
=

1

1 + 2Z(jω)Y (jω)

(b) Let Z(jω) = jω + 1
jω and Y (jω) = jω + 1

jω be a series and a parallel LC network, respectively.
Find the simplified transfer function H(jω) = V2(jω)

V1(jω)
and the corresponding amplitude and phase

responses.

H(jω) =
V2(jω)

V1(jω)
=

1

1 + 2Z(jω)Y (jω)
=

1

1 + 2(jω + 1
jω )(jω + 1

jω )
=

−ω2

2ω4 − 5ω2 + 2

|H(jω)| = ω2

|2ω4 − 5ω2 + 2|
=


ω2

2ω4−5ω2+2
, ω < 1√

2
ω2

−(2ω4−5ω2+2)
, 1√

2
< ω <

√
2

ω2

2ω4−5ω2+2
, ω >

√
2

H(jω) = −ω2 − 2ω4 − 5ω2 + 2 =


π, ω < 1√

2

0, 1√
2
< ω <

√
2

π, ω >
√

2

Question 1 continued on next page. . . Page 1 of 7
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(c) Plot the amplitude and phase response ofH(jω) calculated in part (b).

Magnitude and phase responses are shown in Fig. 2 and Fig. 3, respectively. The magni-
tude has two vertical asymptote lines at ω = 1√

2
and ω =

√
2. The magnitude is zero at

ω = 0. The magnitude also approaches zero for ω → ∞. The phase experiences sudden
jumps at the frequencies ω = 1√

2
and ω =

√
2.

Figure 2: Magnitude response curve.

Figure 3: Phase response curve.

Question 2
Calculate the Thevenin and Norton equivalent circuits seen from port ab in Fig. 4,

Question 2 continued on next page. . . Page 2 of 7
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Figure 4: An op-amp circuit.

Figure 5: An op-amp circuit.

Consider the annotated circuit shown in Fig. 2. We have,

I =
V1 − 2V1

R
+
V1 − V2
R

= −V2
R
⇒ V2 = −RI = −RI + 0I2 ⇒ Voc = −RI, Rth = 0

So, the Thevenin equivalent circuit is an alone voltage source as shown in Fig. 5. Conse-
quently, there is no Norton equivalent circuit.

Question 3
The zero-state response of an LTI circuit to the input x(t) =

(
e−t− cos(t) + sin(t)

)
u(t) is y(t) =

2 sin(t)u(t). Find the impulse response, step response, and zero-state response to the input
x1(t) = e−2t sin(3t)u(t).

Question 3 continued on next page. . . Page 3 of 7
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We use properties of LTI circuits to find the impulse response.

x(t) =
(
e−t − cos(t) + sin(t)

)
u(t)→ y(t) = 2 sin(t)u(t)

x′(t) =
(
− e−t + sin(t) + cos(t)

)
u(t)→ y′(t) = 2 cos(t)u(t)

x(t) + x′(t) = 2 sin(t)u(t)→ y(t) + y′(t) = 2
(

sin(t) + cos(t)
)
u(t)

x′(t) + x′′(t) = 2 cos(t)u(t)→ y′(t) + y′′(t) = 2
(

cos(t)− sin(t)
)
u(t) + 2δ(t)

x′′(t) + x′′′(t) = −2 sin(t)u(t) + 2δ(t)→ y′′(t) + y′′′(t) = 2
(
− sin(t)− cos(t)

)
u(t)

+ 2δ(t) + 2δ′(t)

x(t) + x′(t) + x′′(t) + x′′′(t) = 2δ(t)→ y(t) + y′(t) + y′′(t) + y′′′(t) = 2δ(t) + 2δ′(t)

δ(t)→ h(t) = δ(t) + δ′(t)

For the step response,

x(t) = u(t)→ s(t) = h(t) ∗ u(t) =
(
δ(t) + δ′(t)

)
∗ u(t) = u(t) + δ(t)

And finally, the output corresponding to the input x1(t) = e−2t sin(3t)u(t) is

y1(t) = x1(t)∗h(t) =
(
δ(t)+δ′(t)

)
∗x1(t) = x1(t)+x′1(t) =

(
3e−2t cos(3t)−e−2t sin(3t)

)
u(t)

Question 4
The one ports N1 and N2 in Fig. 6 are in sinusoidal steady state. When the one-ports are
connected as Fig. 6(a), Vaa′ =

√
2 −45◦, Iab = 1 0◦ while Vaa′ =

√
2 45◦, Iab′ = 3 0◦ when the

one-ports are connected as Fig. 6(b).

Figure 6: Two one-ports in sinusoidal steady state.

Question 4 continued on next page. . . Page 4 of 7
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Figure 7: Thevenin equivalent circuits of the one-ports in Fig. 6.

Figure 8: Thevenin equivalent circuit seen from port aa′ in Fig. 6(a).

(a) Find the Thevenin equivalent circuits of the two one-ports.

The one ports are replaced with their equivalent Thevenin circuits in Fig. 7. We have,

Iab1 =
Vth1 − Vth2
Zth1 + Zth2

, Vaa′1 = Vth1 − Iab1Zth1

Iab′2 =
Vth1 + Vth2
Zth1 + Zth2

, Vaa′2 = Vth1 − Iab′2Zth1

So,
Vaa′1 − Vaa′2 = Zth1(Iab′2 − Iab1)

⇒ Zth1 =
Vaa′1 − Vaa′2
Iab′2 − Iab1

=

√
2( 1√

2
− j 1√

2
)−
√

2( 1√
2

+ j 1√
2
)

3− 1
= −j

Vth1 = Vaa′1 + Iab1Zth1 =
√

2(
1√
2
− j 1√

2
)− j = 1− 2j

Iab1 + Iab′2 =
2Vth1

Zth1 + Zth2
⇒ Zth2 =

2Vth1
Iab1 + Iab′2

− Zth1 =
2− 4j

4
+ j =

1

2

Vth2 = Iab′2(Zth1 + Zth2)− Vth1 = 3(
1

2
− j)− 1 + 2j =

1

2
− j

Question 4 continued on next page. . . Page 5 of 7
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(b) Find the resistance of the resistive loadRL connected between a and a′ in Fig. 6(a) that absorbs
the maximum average power.

Note that we have a pure resistive load here and we cannot use the simple form of the
maximum power transfer theorem. Consider Fig. 8, where that the series combination of
the voltage source Vs and impedance Zs drives the load ZL = RL. We have,

I =
Vs

Zs + ZL
=

Vs
(Rs +RL) + jXs

⇒ PavL =
<{ZL}

2
|I|2 =

1

2

RL
(RL +Rs)2 +X2

s

|Vs|2

dPavL
dRL

= 0⇒ (RL +Rs)
2 +X2

s − 2(RL +Rs)RL = 0⇒ RL =
√
R2
s +X2

s = |Zs|

The equivalent impedance seen from the port aa′ in Fig. 7(a) is shown in Fig. 8 and equal
to

Zs = Zth1||Zth2 =
−j 12
−j + 1

2

So, the desired load should have the resistance

RL = |Zs| =
∣∣∣ −j 12
−j + 1

2

∣∣∣ =

√
5

5

(c) Find the maximum power absorbed by the resistive load RL calculated in the previous part.

We know that

Zs = Zth1||Zth2 =
−j 12
−j + 1

2

=
2

5
− j 1

5
= Rs + jXs

Further, using superposition in Fig. 7(a),

Voc =
Zth2

Zth1 + Zth2
Vth1 +

Zth1
Zth1 + Zth2

Vth2 =
1 + 3j

−1 + 2j
= 1− j

The maximum power is consumed for RL =
√
5
5 and equals

PavL =
1

2

RL
(RL +Rs)2 +X2

s

|Vs|2 =
1

2

√
5
5

(
√
5
5 + 2

5)2 + (−1
5)2
|1− j|2 =

5

2
√

5 + 4

Question 5
Let R1 = 3Ω, R2 = 6Ω, and L = 2

3H in the first order RL circuit shown in Fig. 9.

Question 5 continued on next page. . . Page 6 of 7
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Figure 9: An RL circuit.

(a) Assume that vs(t) = e−
9
2
tu(t). Calculate the initial current I0 of the inductor such that vo(t) =

0, t > 0.

vL = L
diL
dt
, iR2 = iL + iR1 = iL +

L

R1

diL
dt
, vo = R2iR2 = R2(iL +

L

R1

diL
dt

)

vs = vo + vL = R2(iL +
L

R1

diL
dt

) + L
diL
dt

= R2iL + L(1 +
R2

R1
)
diL
dt

2
diL
dt

+ 6iL = e−
9
2
t, t > 0⇒ iL = Ke−3t − 1

3
e−

9
2
t, t > 0

vo = 6iL +
4

3

diL
dt

= 2Ke−3t = 0, t > 0⇒ K = 0⇒ iL(0) = I0 = K − 1

3
= −1

3

(b) Assume that vs(t) = 8 cos(
√

3t+ φ)u(t) V and let the inductor initial current iL(0) = I0 = 1 A.
Calculate the phase φ such that no transient response appears in iL(t), t > 0.

We know that

vs = R2iL + L(1 +
R2

R1
)
diL
dt
⇒ 2

diL
dt

+ 6iL = 8 cos(
√

3t+ φ), t > 0

iL = ih + ip = Ke−3t + Im cos(
√

3t+ α)

Using phasor analysis,

2j
√

3Ip+6Ip = 8ejφ ⇒ Ip =
8ejφ

2j
√

3 + 6
=

8ejφ√
48ej

π
6

=
2√
3
ej(φ−

π
6
) ⇒ ip =

2√
3

cos(
√

3t+φ−π
6

)

Overall,
iL = Ke−3t +

2√
3

cos(
√

3t+ φ− π

6
)

To remove the transient part of the responseK = 0. Further,

iL(0) = I0 = 1 = K+
2√
3

cos(φ−π
6

) =
2√
3

cos(φ−π
6

)⇒ cos(φ−π
6

) =

√
3

2
⇒ φ =

π

6
+
π

6
=
π

3
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