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Circuit Types

Statement (Linear Circuit)

A linear circuit is a circuit that includes linear elements and/or independent
sources.

Statement (LTI Circuit)

An LTI circuit is a circuit that includes LTI elements and/or independent
sources.

Statement (First-order Circuit)

A first-order circuit is a circuit that has one independent energy-storage
element.

A

Statement (First-order LTI Circuit)

A first-order LTI circuit is an LTI circuit that has one independent energy-
storage element.

A\

@ Capacitors and inductors are energy-storage elements.
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Circuit Analysis

Definition (Circuit Inputs)

Independent sources are called circuit inputs.

Definition (Circuit Initial Conditions)

The initial voltage of the capacitors and initial currents of the inductors are
referred to as circuit initial conditions.

v

Definition (Circuit Response)

The circuit response is the voltage or current of a desired element of the
circuit.
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Circuit Responses

Definition (Zero-input response)

Zero-input response is defined as the response of a circuit when its inputs
are identically zero.

Definition (Zero-state response)

Zero-state response is defined as the the response of a circuit when its initial
conditions are zero.

v

Definition (Complete response)

Complete response is defined as the response of a circuit to both inputs and
initial states.
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Circuit Responses

Definition (Impulse Response)

The zero-state response of the LTI circuit to the impulse input is called
impulse response.

Definition (Step Response)

The zero-state response of the LTI circuit to the unit step input is called
step response.

v
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Circuit Responses

Definition (Transient Response)

Transient response is the part of the circuit response that damps as time
proceeds.

Definition (Steady-state response)
Steady-state response is the part of the circuit response that remains as
time proceeds.

.
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Statement (Zero-input response)

In a linear circuit, the zero-input response is a linear function of the initial
condlitions.

Statement (Zero-state response)

In a linear circuit, the zero-state response is a linear function of the inputs.

Statement (Complete response)

In a linear circuit, the complete response is the sum of zero-input and zero-
state responses.

@ Homogeneity property of a linear function:
is(t) = y(t) = Kis(t) — Ky(t)
o Additivity property of a linear function:
is1(t) = ya(t), is2(t) = ya(t) = isa(t) + is2(t) —= y1(2) + ya(t)
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LTI Circuits

Statement (Input Shift Property)

In an LTI circuit, the zero-state response to a shifted input experiences the
same shift.

o Shift property: is(t),y(07) =0 — y(t),t > 0= is(t — to),y(ty) =
0— y(t—ty),t>to

Statement (Input Derivative Property)

In an LTI circuit, the zero-state response to the derivative of an input equals
the derivative of the zero-state response to the input.

@ Derivative property:

i5(£),y(07) = 0 = y(1), £ > 0= T4 y(07) = 0 — % £ > 0
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Series RC Circuit

Example (Zero-input response for series RC circuit)

The zero-input response of capacitor voltage in the series RC circuit has
exponential form.

ve(07) = Vo = ve(0T) = Vo = v(0) = V.

VR(t) _ CdVC(t) —0

ir(t) —ic(t) =0 =

R dt
ove(t) Cch(t) 0o dvc(t) ve(t) = 0,7 = RC
R dt dt T
t
ve(t) = Ke 7,ve(0)=K=W

= ve(t) = Voe 7, t>0

Spring 2022 12 /48

Mohammad Hadi Electrical Circuits



Series RC Circuit

Example (Zero-state response for series RC circuit)

The DC-driven zero-state response of capacitor voltage in the series RC
circuit has exponential form.

ve(07)=0= v(07) =0 = v(0) =0

vr(t) + ve(t) — vs(t) =0
= Rig(t) + ve(t) = Ric(t) + ve(t) = vs(t)

dve(t
— R L) = v
d td 1 t %0
oo de® 1 o e
dt T T
dVC(t) 1 Vs
_ t) = —
dt + TVC( ) T

ve(t) = Ke™ 7 + Ve, ve(0) = K+ Ve =0 = K = — Vs
S v(t)=Vi(l—e 7),t>0

Spring 2022
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Series RC Circuit

Example (Complete response for series RC circuit)

The DC-driven complete response of capacitor voltage in the series RC
circuit has exponential form.

ve(0T)= Vo = Vc(0+) =W=vwv0)=W

vr(t) + ve(t) — vs(t) =0
= Rig(t) + ve(t) = Ric(t) + ve(t) = vs(t)

dve(t
= RC Vjt( ) 4+ ve(t) = vs(t)
dvc(t 1 s(t
o dve® 1y = ke
dt T T
dve(t 1 V.
- VC( ) + 7Vc(t) _ s
dt T T

ve(t) = Ke 7 + Ve, ve(0) =K+ Ve = Vo= K= Vo — Ve
= ve(t) = (Vo — Vo)e 7 + Vs, t >0
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Series RC Circuit

Example (Complete response for series RC circuit)

The compete respone is the sum of the zero-input and zero-state responses
in the DC-driven series RC circuit.

ve(t) = (Vo — Ve)e 7 + Ve, t >0
t t
ve(t)=Voe T m +Vs(l—e"7),t>0
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Series RC Circuit

Example (Transient and steady state responses for series RC circuit)

The DC-driven series RC circuit with 7 > 0 has a damping exponential
transient response and a constant steady state response.

Ve(t) = (Vo — Vo)e 7 + Ve, t >0
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Series RC Circuit

Example (Current response for series RC circuit)

The current response experiences a discontinuity at t = 0 in the series RC
circuit.

Vs — Vo
R
ve(t) = (Vo — Ve)e 7 + Ve, t > 0
dve(t)  Ve—Vo _t
d R

i(07)=0,i(0") =

i(ty=C

e T
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Series RC Circuit

Example (Stored energy for series RC circuit)

%CVS2 of electrical energy is stored in the zero-state DC-driven series RC
circuit.

ve(t) = Vs(1—e"7),t >0

. Vs _t
t)= —e 7
i(t) Re
V2 . t
t)= Se r(l—e7
o= Vet e )
Rl 1
W(o,oo)f/ p(t)dt = ~CV2
0

2
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Series RC Circuit

Example (Step response)

Step response of the series RC circuit has exponential form.

ve(07)=0= vc(o+) =0

dvc(t)
dt 7' ve(t) = 7
=v(t)=1—e" ;,t>0 u®
<
ve(t) = s(6) = 4 £=0

t
=(1—e 7)u(t
1-e 7, t>0 ( Ju(t)

063 0.86 0.95 0.98
(1) =v (1)
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Series RC Circuit

Example (Linearity and shift property of LTI circuits)

Zero-state response to a complex input can be found using linearity and
shift properties of an LTI circuit.

ve(07) = 0, vy() = LB Zut=T)

T
dve(t) 1 u(t) —u(t—T) ~
_ = —~~2 7 Lol
dt + ‘rvc( ) TT é,
0, t<o0 =
_t S
= ve(t) = =T, 0<t<T
t—T _t
e TTfe 7'7 t>T

= ve(t) = %(1 e H)u(t) — ;(1 e (- T)
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Series RC Circuit

Example (Impulse response)

Impulse response of the series RC circuit is the derivative of the step re-
sponse.

ve(07) = 0,5(t)

u(t)—u(t—T)

= lim
T—0 T
dve(t) 1 u(t)—u(t—T)
—_=\7J — =~~~ 7
dt + TVC( ) TT
0, t<0
_t
= ve(t) = ¢ =9, 0<t<T
=T  _t
e = e , tZ T
. 0, t<0 1 _: ds(t)
h(t) = | t) = = - T t) =
() = fim ve(®) {ie S LG
v.(0) = h(1) v.() v,(0)]
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Series RC Circuit

Example (Impulse response (cont.))
Impulse response of the series RC circuit is the derivative of the step re-
sponse.

dv;gt) + %vc(t) =90 oy =0
dv;it) + %vc(t) —0,t>0,vc(0%) =2
/0 ["Vggf) + %Vc(t)]dt = /Of @dt
(ve(0") (07 +0= = = v (o) = -
dvit) + %vc(t) =0,v(0") = %

(e = e Fu( = ©0
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Parallel RC Circuit

Example (Complete response for parallel RC circuit)

The DC-driven complete response of capacitor voltage in the parallel RC
circuit has exponential form.

ve(07) = Vo = ve(01) = Vo = v(0) = Vg
ir(t) +ic(t) — is(t) =0

ve(t) dve(t) .

= e + Cidt = is(t)

= ReCW Ly (1) = Riy(e) >

dt i i
() 1 o(8) Iy AN IR(t)ttc(t)
ve(t _ds(t _ A -

= ot + ;VC(t) =c T=RC < veSR VC—F
dv(t 1 1 t=0 - -

= V;£)+;vc(t)zfs,t>0 T

= ve(t) = Ke 7 + Rls,ve(0) = K + Rls = Vg = K = Vy — Rls
= ve(t) = (Vo — Rl)e 7 + Rls, t > 0

t t
= ve(t)=Voe T +RIs(L—e"7),t>0
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DC-driven RL Circuit

Example (Complete response for an RL circuit)

The DC-driven complete response of inductor current in the RL circuit has
exponential form.

i(07) =1l = it(0") =l = iL(0) = Io
ir(t) +ir(t) —is(t) =0

vi(t . .
= % +in(t) = is(t)
L dig(t) . ,
— t) = is(t
E dt +ir(t) = is(t) =
dif(t) 1. is(t) L =) s
= —— 4 Sq(t)= 22, T=— <
dt + T’L( ) - =R 3 =
dig (t 1 1. =
= (1) +Zi(t)==,t>0
dt T T

= i(t)=Ke 7 +1s,if(0) =K+ 1l=1lh=K=1lp—Is
= i(t)=(lo— k)e 7 + s, t >0

. _t _t
=i(t)=lhe 7 +I(l—e 7),t>0
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DC-driven Complete Response

Statement (DC-driven First Order LTI Circuit Describing Equation)

A DC-driven first-order LTI circuit is described by the constant-coefficient
linear differential equation %t} 4 1f(t) = Fy f(t3) = Fo,t > to , where
Fo is a suitably calculated m/t/a/ value att = tp.

Statement (DC-driven First Order LTI Circuit Complete Response)
A DC-driven first-order LTI circuit achieving steady state situation has the

complete response f(t) = f(oo) + [f(tg) — f(oo)]e_?, t > to , where
T = RegC or 7 = R%q and Req is the equivalent resistance seen from the

energy-storage element in the in-rest circuit. f(ty) is a suitably calculated
initial value at t = ty and f(o0) is the steady state value when the energy-
storage element acts like short or open circuit.
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two time constants)

Switching may change the time constant of an LTI first-order circuit.

t=0 5Q i . i >t::ls 50
10V 4H 200 40 4ACD
20v 20v

2
i(t):O,t<0:>i,_(t):?0:4,t<0

i(07)=0,i (07) =4
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two time constants (cont.))

Switching may change the time constant of an LTI first-order circuit.

é g lsv
il(07) =i (07) =4 = —10+5(i(0") 4+ iL(07)) + 20i(07) = 0 = i(0T) = —0.4
10

i(00) =0 =i (c0) = 5 =2

2200

Rg=20|5=4=7=— =1

Req
iL(t) = [iL(0") — iL(c0)]e 7 +ir(o0) =2+2eH0<t <1
i(£) = [(0*) — i(o0)]e~ & + i(oc) = —0.4e—t — L) _ 4 diL(t)

20 20 dt
i(17)=242e"1~274

0<t<1
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two time constants (cont.))

Switching may change the time constant of an LTI first-order circuit.

t=0 5 io Yi ?:'; s i, Vi
10V 4H 20Q 492; AACD v 4H 20Q 4Q 4A<
20v

20i(1+)
4

N

(1) =i (17)=274= -10+5((1") +i(1") + —4)+20i(1")=0=i(1") = -0.33
i(00) = 0= i (c0) = 15f0+4:6

Req = 20||5||4 =2 = 7 = 2

Req
t—1

iL(t) = [iL(17) — iL(co)]le™ T +ir(c0) =6 — 327t > 1

i(t) = [((1") — i(o0)]le™ T + i(00) = —0.33¢~ T = "Lz(ot) = % difj(tt)

t>1
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two time constants (cont.))

Switching may change the time constant of an LTI first-order circuit.

i(r)
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DC-driven LTI First-order Circuit

Example (Step response calculation)
Step response can be found using various methods.

Vo) 4 5i(t) + ve(t) = 0, i(t) = % "Cd(tt) + VCZE;)

dve(t) 1 2
Zve(t) = Sve(t
g TV =wsl(t)
dvc(t) 1 2 _
— t) = —u(t 07)=0
€@ 1 e = 2u(e),ve(0)
dve(t) 1 2 n
hd H=2¢ =
ot + 2Vc( ) 5 >0,vc(07) =0

ve(t) = 3(1 e 3)t>0, s(t)= %(1 — e $)u(t)

0, t<O0 . ﬂ B 67% u
8= {[vc(oﬂ ve(eole bve(oe), tm0 50 O

Spring 2022
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DC-driven LTI First-order Circuit

Example (Step response calculation (cont.))

Step response can be found using various methods.

Lec®) |, velo)

— vs(t) +5i(t) + ve(t) =0, i(t) =

2 dt 20

di(t) | 1 dvs(t)

de 2 ( )= 500t 5 g

i
dgt) ~i(t) = (r)+ a(t) i(07)=0 w -
di( o+ o . VC:§5F

/f d:)d““ 5/07 i(t)dt = %/0 u(t)dt+ . 5(t)dt AQ) T s
(i((0") —i(07))+0=0+ % S it = 1t

di(t) 1., 1 .. 1

dt +§'(t)_ 50 ’(0+)—g
i(t) = %e 2 + >0, si(t)= [%e*E + %]u(t)
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DC-driven LTI First-order Circuit

Example (Step response calculation (cont.))

Step response can be found using various methods.

i(t):Mﬁsi(t):M:[i -% 1 i

2 —_ t
5 5 25 1T 51u() 44
+0.5F
V) Ve
0, t<0 4 1 _| 200
si(t) =4 T =[cem2 + _]u(t)
[((0T) —i(c0)]e™ 7 +i(o0), t>0 25 25
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DC-driven LTI First-order Circuit

Example (Impulse response calculation)

Impulse response can be found using various methods.

Lave() | ve()

— vs(t) +5i(t) + ve(t) =0, i(t) =

2 dt 20

dvst(t) i %VC(t) _ gvS(t)
PO | v = 26(0), ve(07) =0 |

or dvc(t) 1 0* , 2 o !
/— dt dt+2/0— c(B)dt = 5 Jo- o(e)dt - +()5|:
(VC(0+) — V(_‘(O )) +0= 0+ 2 = V(_‘(0+) % Vs(t) V‘:f: 200
P | ) =0,vc(0%) =

2 ¢t 2 ¢

ve(t) = e 2t >0, h(t)= s 2u(t)
m() =20 = e hue) = e bu(e)
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DC-driven LTI First-order Circuit

Example (Impulse response calculation (cont.))

Impulse response can be found using various methods.

_ dS,'(t) d 4 e 54

hi(t) prie a[(g

%)u(t)} = ;—:e_%u(t) + %m)

i(t) = M = hi(t) = w = ;—:eféu(t) + %5(1&)

d’::) n %i(t) - %5@) + %5’@), i(07)=0

h(t) = Soe Sue) + 35(0)

Mohammad Hadi
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two capacitors)

Each capacitive loop decrements the number of independent capacitors.

G
+ +
203 V,==3F v,TZF >20

V1(07) =2, V2(07) =1

—vg(t)+u(t)+v1(t)—0 £>0
w0 4 3920 4 ) 4 () 42990 L ml) — o () = is(t) =0
—(0F) + u(0F) + v1(0F) =0 vi(0T) =0.8
0+ 3(VQ(0+) —v2(07)) + 0+ 0+ 2(vi(07) — v1(07)) +0=0 »(0+) = 1.8
d"it) Zua(t) = 0.1u(t) + 0.48(t), v2(07) = 1.8

vo(t) =05+ 1375 ,t>0
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two capacitors (cont.))

Each capacitive loop decrements the number of independent capacitors.

vi(07)=2, w0 )=1=v(0")=08, w(0")=18
vi(oco) = —0.5, wvz(o0) =0.5
Reg=2|2=1, Coqq=2+3=5=7=ReqCeq=05

vi(t) = (v (0F) — vi(c0))e™ 7 + vi(co) = —0.5+ 1.3e75
va(t) = (v2(0F) — va(00))e™ 7 + va(c0) = 0.5+ 1.3e75
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DC-driven LTI First-order Circuit

Example (LTI first-order circuit with two inductors)

Each inductive Gaussian surface decrements the number of independent
inductors.

L
Req:R5+(R4H(R1+R2+R3))7 Leq:L1+L2$T: Req
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Exponentially-driven LTI First-order Circuit

Example (Exponential input)

In the circuit below with R=1Q, ¢ =0.5F, v¢(07) =2V, and is(t) =
5e~*t, the capacitor voltage has no steady state response.

dVC(t)

" + 2vc(t) = 2is(t), ve(01) =2

ve(t) = Ke™ 4 Ae™t =0

/
d[Aet C W3R v,
[Ae] | pae—t = 106t = A= 10 o - :F

dt
ve(0)=K+10=2=K=-8

ve(t) = —8e 2t +10e~f,t >0
Vc(t — OO) =0

dvst(t) +2vc(t) = 10e™, ve(0F) =2
is(t)i('sv' + i”(t)ttm
A
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Exponentially-driven LTI First-order Circuit

Example (Sinusoidal input)

In the circuit below with R=1Q, ¢ =0.5F, v¢(07) =2V, and is(t) =
5cos(t), the capacitor voltage has sinusoidal steady state response.

dvc(t)
dt
dvc(t)
dt
ve(t) = Ke 2t 4+ Acos(t) + Bsin(t)
d[Acos(t) 4+ Bsin(t)]

- + 2[Acos(t) + Bsin(t)] = 10 cos(t) ™ >¢' i r(t)
(2A+ B)cos(t) + (2B — A)sin(t) = 10 cos(t) G\ t=0 + +

— =
{2A+B_10 M A—4B=2 Ti-o = :r

2B—-A=0
ve(0f)=K+4=2=K=-2
ve(t) = —2e72t + 4cos(t) + 2sin(t), t > 0
ve(t) = —2e72t + 2v/5 cos(t — tan~1(0.5)),t > 0
ve(t — o0) = 2v/5 cos(t — tan~1(0.5))

+ 2ve(t) = 2is(t), v (0) =2

+2ve(t) = 10cos(t), ve(0T) =2
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First-order NTV Circuit

Example (First-order LTV circuit)

Generally, a first-order LTV circuit is not described by constant coefficient
linear differential equation.

1
R(t) = 1+ 0.5cos(t)’ ve(0) =2

dvc( )
dt

= —(1+0.5cos(t))dt, t >0

ic(t) +ir(t)=0= + (1 4+ 0.5cos(t))vc(t) =0,t >0
ﬂ
ve
c(t) dvc _
/VC(O) v / (1 + 0.5 cos(£))dt
In(vc(t)) — In(vc(0)) = —t — 0.55sin(t),t >0

V(_‘(t) — De—t—05 sin(l‘)7 t>0
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First-order NTV Circuit

Example (First-order NTI circuit)

Generally, a first-order NTI circuit is not described by constant coefficient
linear differential equation.

ir(t) = vA(t), vc(0) =2

dvc(t) 2

ic(t) +ir(t) =0= ot +ve(t)=0,t>0

dve

2
Ve

ve(t) dvc t
[Ode [
ve(0) V¢ 0

IS S
vc(t) Vc(O)i

ve(t) = "

= —dt,t >0

—t,t>0
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First-order NTV Circuit

Example (First-order LTV circuit)

Aa first-order LTV circuit may be treated as an LTI circuit in different time
intervals.

t=0 2v, (t
60 & 60
+
L

+
< 4 <
{w{m 1o EHO (DZA “ WO ez

o
a

A

+
20u(-t) v ()=
60 t>0 _

4
ve(t)= ——20=8,t < 0= vc(07) =38
4+6
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First-order NTV Circuit

Example (First-order LTV circuit (cont.))

Generally, a first-order LTV circuit may be treated as an LTI circuit in
different time intervals.

t=0 2v,(t 2v,(t
60 ® 60 ®

AR - = =
+ + + +
. [ L [
20u(-t) v (t)= o / 10 teo 29230 Q) 2A v, (t) F Zea 202 v, () (D 2A
- RO= {sn t>0 - :'V -

ve(t) = [ve(0T) — ve(oo)le™ ™ + ve(oo), t > 0
ve(0T) = vc(07) =8

o

A
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First-order NTV Circuit

Example (First-order LTV circuit (cont.))

Generally, a first-order LTV circuit may be treated as an LTI circuit in
different time intervals.

2v,(t)
| N~

+ \ + + \
1o 2230 <>2A Ve Sl 202 v,() <>2A
R(')’{en t>0 -

20u(-t)

ve(t) = [ve(0F) — ve(oo)le™ 7 + ve(o0),t > 0
ve(00) = Voe = 4

Mohammad Hadi
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First-order NTV Circuit

Example (First-order LTV circuit (cont.))

Generally, a first-order LTV circuit may be treated as an LTI circuit in

different time intervals.

20u(-t)

X + \ +
)2A Ro=7 (6/|6) 2Q2v,(1)

| N7

L

ve(t) = [ve(07) = ve(oo)le™ 7 + ve(oo) = 4+ 4de ™t t > 0
Regq=2=T=ReC=1
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The End
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