Electrical Circuits (Taught by Mohammad Hadi) Student Name
Assignment T (Due on DDD., mmm. dd, yyyy) Student Number

MATHEMATICAL QUESTIONS

Question 1
For the lumped circuit in Fig. [1]

Figure 1. A sample lumped circuit.

(a) Choose a suitable voltage polarity and current direction for each element such that the passive
sign convention is held.

(b) Draw the equivalent circuit graph.
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(c) Determine the number of nodes, branches, and meshes.

There are n = 8 nodes, b = 11 branches, and [ = 4 meshes.

(d) Write node KCL equations.

11 —1t3 =20
—11+122=0
—to+13+14 =0
—ig4+ 16 +18 =0
—ig — 19 — 110+ 211 =0
—111 + %10 + 17+ 15 — 26 =0
—i7+19 =0
—i5 =0

.

(e) Write mesh KVL equations.

—vg + vg + v7 +v9 =0
—v9g —v7 +v10 =0
—v10 —v11 =0
—’U2—U1—U3=0
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(f) Introduce a set of linearly independent KCLs that has the largest possible cardinality.

The set with the largest cardinality includes n — 1 = 7 equations. To determine the set, we
can consider the equations in partand omit one of the equations. So,

11 —t3 =20
—11+13=0
—t2+13+14 =0
—ig4+ 1 +18 =0
—ig — 19 — 410 + 911 =0
—i11 + 110+ t7+1i5 —ig =0
—i7+129 =0

we can see that if we calculate the summation of the first 7 equations in part[(d)] it will be
equal to the 8th equation, which means it is dependent to the equations listed above.

.

(9) Introduce a set of linearly independent KVLs that has the largest possible cardinality.

The set with the largest cardinality includes | = 4 equations. To determine the set, we can
consider the mesh equations in part[(e)] So,

—vg +vg+vr+v9 =0
—v9g —v7 +v10 =0
—v10 —v11 =0
—vg—vl—vgzo

(h) Introduce a set of linearly independent currents that has the largest possible cardinality.

The set with the largest cardinality include [ = 4 currents. i1, 19, 719, and 411 can be consid-
ered as the 4 independent currents.

11 =11
19 = 11
13 = 11
gy =—t3+1lo=—11+1 —1=0
17 =19
ig = —i9 — 110 + 411

16 =14 — 183 = 04199 + 910 — 711
i5 = ig + 111 — 410 — 47 = %9 + 410 — 411 + 11 — %10 — 9 = 0

19 = 19
110 = 110
111 = 11

Question 1 continued on next page. .. Page 3 of



Electrical Circuits (Taught by Mohammad Hadi)
Assignment T (Due on DDD., mmm. dd, yyyy)

Student Name

Student Number

(i) Introduce a set of linearly independent voltages that has the largest possible cardinality.

can be considered as the 7 independent voltages.

V1 = —U3 — U2
V2 = V2
U3 = U3
V4 = Uy
V5 = Vs
Vg = Vg
V7 = Uy
Vg = Vg

V9 = Vg — Vg — U7
V10 = U8 — Vg
V11 = —V10 = —V8 + Vg

The set with the largest cardinality includes n — 1 = 7 voltages. v, v3, v4, v5, vg, v7, and vg

(i) Write a KCL for the left node of branch 5.

[ —i5 =0

(k) Write a KCL for a Gaussian surface crossing branch 4.

The Gaussian surface can considered as

The corresponding KCL equation is

—i4+ 16— 19 — 110+ 211 =0

\.

(I) Write a KVL for a closed chain passing over branches 9 and 10.

[ The closed chain can considered as
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The corresponding KVL equation is
—v9 —v7 +v10 =0
(m) Write a KVL for a closed chain passing over branch 5.
[ No KVL can be written because there is no closed path including branch 5. ]

(n) Verify that Tellegen’s theorem is held for this circuit.

We should verify that Y11, vy, = 0. Using the equations in part|(h)]

V111 + Valg + v3ig + Uatg + Usis + Vglg + Vrly + vgls + Vgtg + Viglio + Vi1l =

V191 + vai1 + v3i1 +vg * 0+ v * 0+ vg(d9 + d10 — 411) + vri9 + v8(—i9 — i10 + i11) + Vol +
v10t10 + V11811 =

il(Ul + vy + 1)3) + ig(vﬁ + vy —vg + 1)9) -+ ilg(vg —vg + UlO) -+ ill(—vﬁ + vg + 2111) =0
where, all the parentheses include voltages which form a closed loop, so all of them equal
zero based on KVL.

Question 2

An FM receiver is connected to its antenna by a piece of cable 2 m long. Considering that the
receiver is tuned to 100 MHz, can you say that the instantaneous currents at the input of the
receiver and at the antenna terminals are equal? If not, for what approximate cable lengths
would they be equal?

First wee should find the wavelength:

c  3x108m/s
)\ = — = 3
Fo100x10H, M
The lumped condition is not held for the circuit dimension/ = 2m < 3m. So we have
circuit dimension=2m and circuit wavelength= 3m and lumped condition is not held. Thus
instantaneous currents at the input of the receiver and at the end of the antenna terminals
are not equal at each time instant.

Question 2 continued on next page. .. Page 5 of
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In order to have lumped conditions we should have I <« X. So, z = %0)\ = 0.3m could be a
good choice for the cable length.

Question 3
Consider the lumped circuit of Fig. 2|

Figure 2: A lumped circuit with a three-terminal element.

(a) Label voltages and currents of different elements suchthatat least for two elements the passive
sign convention is violated.

(b) Write node KCL equations.

t4+19—121=0
—i4 —i53 — 47 =0

i7+16+13=0
—i3+11 =0
—ig +i51 =0
—ig + 150 =0
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(c) Write mesh KVL equations.

V1 + vy +vs3 —vg —v3 =0
ve + v52 +v7 =0
vg—v51 —v2 =0

—Us3 + 51 — V52 = 0

(d) Verify the integrity of Tellegen's theorem for the circuit.

7
E Ugtk = V1%1 + v2ia + v3i3 + vais + Usis + vele + vrir
k=1

= v101 + v2ig + vz * (—i3) + vaia + V51951 + Usaise + Uele + U7 * (—i7)
= v1(i3) + voia — v3i3 + v4(i3 — d2) + vs1(i2) + vs2(—iz — i7) + ve(—i3z — i7) — vriy
= dg(v2 —va + vs1) +i3(v1 — U3 + V4 — V52 — Ug) + i7(—Us2 —ve —v7) =0

, Which coincides with the result expected from Tellegen's theorem. Note that in the last
line, all the parentheses include voltages which form a closed loop, so all of them equal
zero based on KVL.

Question 4

Consider the lumped circuit of Fig.3.

Figure 3: A planar lumped circuit with 12 elements.
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(a) Assume that the voltages vy = 10, vo = 5, v4 = —3, v = 2, v; = —3, and vi3 = 8 V are given.
Determine as many branch voltages as possible.

By a KVL for branches 5,6,7
V5 + Vg = U7

S0,
vy =(-3)—2=-5

Writing KVL for branches 1,2,5,11
V11 + V2 + vs = v

S0,
011 =10—5— (=5) =10

Finally, A KVL for branches 2,6,12,4,10
v2+1)10+1)12 =U4+’Uﬁ

SO,
1)102(—3)+2—5—8=—14

(b) Assume that the passive sign convention is held and let iy = 2, iz = —5, i4 = 5, i10 = —3, and
i3 = 1 A. Is it possible to determine the remaining branch.currents? Determine as many as you can.

Writing KCL for branches 1,5,7,
i1+i5+i7=0

SO,
is=—(=5)—2=3

Writing KCL for branches 4,12,
tg +112 =0

SO,
i12 = —9

Writing KCL for branches 3,6,7,12,

13 = 16 + 17 + 112
S0,

ig=1—(=5) — (=5) =11
Witing KCL for branches 2,5,6,
19 +1g = 15

SO,

10 =3—11= -8

Writing KCL for branches 4,9,10,
ig+ig+in=0
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S0,
9= —5—(—3)=—2
Writing KCL for branches 3,8,9,
13 + 18 = 19
S0,
ig=—2—1=-3
Writing KCL for branches 2,8,10,11,

18 + 110 + 111 = %2

SO,

i1 =—-8—(-3)—(-3)=-2

(c) Prove that iy + is + i3 + i4 = 0 and iz + ig + ig + 110 = 0.

Writing KCL for branches 1,5,7,
11 = —i5 — 17
Writing KCL for branches 2,5,6,
lg =15 — 16
Writing KCL for branches 3,6,12,
13 = 16 + 17 + 112

Writing KCL for branches 4,12,
iy = —i12

summing the equations above,
11 +i2+i93+ia =0
Writing KCL for branches 3,6,7,12
i6 +i7 = i3 — i1

Writing KCL for branches 3,8,9

So,

18 = 19 — 13
Writing KCL for branches 4,9,10
110 = —14 — Ig
, which yield,
ig + 17 + 18 + 110 = —t4 — 112
Now, Writing KCL for branches 4,12,
14 = —112

i6+’i7+’i8+i10=—i4—(—i4)20
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(d) Assuming the given voltages and currents in the previous parts, determine as many absorbed
powers as possible.

We know currents of all branches and voltages of 1,2,4,5,6,7,10,11,and 12, so we can deter-
mine powers of 1,2,4,5,6,7,10,11, and 12 as

p1 = vt = 20
p2 = V2t = —40
P4 = vgig = —15
Ps = vsty = —15

P6 = Vel = 22

p7 = vriy = 15

P10 = V1iot10 = 42

p11 = vi1t11 = —20
P12 = v12i12 = —40
SOFTWARE QUESTIONS

Question 5

A directed graph can be represented by its adjacency matrix. In fact, for the graph G(IN =
{1,2,---,n},E) with n nodes, the adjacency matrix is A,,., = [a;;|, where a;; is 1 if (i,j) €
E, and 0 otherwise. Write a MATLAB/Python function that takes the adjacency matrix of a
connected planar directed graph, draws the corresponding graph, and determines the number
of nodes, branches, and meshes of the graph. For simplicity, assume that there is no parallel
edges with the same source and destination nodes.
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Figure 4: A directed graph with self-loop.
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Here is a simple MATLAB function that plots a directed graph.

function showGraph(ingraph)

% convert the input adjacency matrix to matlab adjacency matrix

sg
dg
wg
for

end
G =

[

[]
[1;

i=1:size(ingraph,1)

for j=1:size(ingraph,2)

if (ingraph(i,j)~=0)

)
)

sg = [sg il;
dg = [dg jI;
wg = [wg 1];
end
end

digraph (sg,dg,wg) ;

% plot graph

p =
set

end

You may use the following mfile to call the developed function and see its results.

cle
clc

plot (G);
(gca, 'XTick ' ,[], 'YTick’ ,[])

ar all
% sample circuit graph
adjmat = [ 0111 1;
0001 0;
0100 0;
0000 T1;
0000 1];

% show the tree
showGraph (adjmat)

Sample output of the codes are shown in Fig. [4]
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BONUS QUESTIONS

Question 6

Prove that in a connected planar graph, the number of meshes is given by [ = v — n + 1, where
b and n are the number of branches and nodes of the graph, respectively.

Consider the graph in Fig. 5.a, where I = 1. Here it is obvious thatl = b —n + 1 is
true. Next consider a graph which has [ meshes, and assume thatl = b — n + 1 is true.
We want to show that I = b — n + 1 is still true if the graph is changed to have I + 1
meshes. We can increase the number of meshes by 1 through adding a branch between
two existing nodes or by adding m branches in series which are connected to the existing
graph through m — 1 new nodes, as shown in Fig. 5.b. For the new graph with [ +1 meshes,
'=1l4+1=0b+m)—(n+m-—1)+1=>b—n+ 1+ 1is still satisfied, because m — 1
nodes and m branches have been added, resulting in one additional mesh. Therefore by
induction, I = b — n + 1 is true in general.

(I + 1)st mesh

(a)

Figure 5. Indication of the proof of Il = b —n + 1.

Question 7

Return your answers by filling the ETeXtemplate of the assignment.
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