Electrical Circuits (Taught by Mohammad Hadi) Student Name
Assignment 5 (Due on DDD., mmm. dd, yyyy) Student Number

MATHEMATICAL QUESTIONS

Question 1

Find an expression for v.(¢) in Fig. [T valid for all time ¢.
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Figure 1: An RC circuit with two switches.

The circuit should be analyzed in different time intervals.
For ¢ < 0:

The circuit is shown below.

1 1

On sw=w 13 u(®

The DC-driven circuit gets its steady state situation, where capacitor is open, as shown
below.
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By writing mesh equations, v. equals

{—3+211+(11—12) =0

—Ir =3 = =0
So v, is equal to 3 V for ¢ < 0 and therefore, v.(07) = 3.
For0 <t < 1:
The circuit is shown below.
2
———VW\————
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Here, the node equations at nodes v. and e are as follows.
(v — 3) + (v — &) + 84220 _ g L w3
o+ (e—v)+(e=0)=0 g
d(ve —0) 2vc + 3 d(ve —0)
:>(UC—3)+(UC—€)+8T—(UC—3)+(UC— = )+ 8 7 =0
So, we obtain the differential equation
dve _
20 ;t Y 4ve =9, v,(07) =1v,(07) =3

with the homogeneous solution
20s+4=0=s=—-02= v, = Ae” 0%

, the particular solution
9
Ve, = 7 =2.25
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, and the complete solution
Ve = Ugp, + Ve, = Ae 02 4 295
To find A, we substitute the initial condition in the complete response.
v.(07)=3=A4+225=A=0.75

So
ve = 0.75e7 9% + 2.95

.For¢ > 1:

The circuit is shown below:

8F — — v 1

, which is equivalent to the following circuit

—+

8F — ¢

N

The complete solution to this circuit is as

t—1

ve(t) = (v0(1+) —ve(00))e” T + ve(00)

Due to continuity of the capacitor voltage, v.(1) = 0.75e(=92x1) 4 225 = 2.864v. The
capacitor will be discharged in ¢ = oo, S0 v.(00) = 0. Further, 7 = RC = I x 8 = 14.
Finally,

—1

Ve = 2.864¢~ T8

Overall response:

3 t<0
ve(t) =< 0.75e7 %2 4225 0<t<1
2.864e~ 10 t>1
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Question 2

Find an expression for v(¢) in Fig. 2 valid for all time +.
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Figure 2: A nonlinear RC circuit with diode.

Fort¢ < O:
29
—’\N\:——'-—‘
29 12
+
C_L) 2400 17 Ve 192 0(0)
L 1+1 _2 _ o Ve(07)
V(0 >_—(1+1)+(2H2) x 240 = 2 x 240 = 160 = v(07) = —— =80
ForO0<t<1:
29 lQ
+
2400 17 Ve 192v(0)
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Ve(0F) = Ve(07) = 160
2
Ve(o0) = 55 X 240 =120
Rg=2||(1+1)=1=7=R,,C=1
= —t Ve(t) —t
Ve(t) = 120 + (160 — 120)e T = 120 + 40e™ " = v(t) = 3 = 60 + 20e
Fort¢ > 1:

22 1
v ok

2400 T 1) 192 651

Note that the diode opens when v () = 60 4+ 20e~* = 65, which yieldst = In(4). Therefore,
if 1 < ¢t < In(4), the diode is off and clearly, v(t) = 60 + 20e~*. Further, if t > In(4), the
diode is on and clearly v(t) = 65.

Overall response:

80 t<0
60 + 20e 0<t<l1 50 <0
(&
v(t) = » = < 60 + 20e”* 0<t<In(4)
60 + 20e 1 <t<In(4)
65 t > In(4)
65 t > In(4)

Question 3

Determine both i; and i;, in the circuit shown in Fig. @for t > 0.

NN
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18V 90 Q) ngH éSmH
i

Figure 3: A circuit with multiple resistors and inductors.
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After t=0, when the voltage source is disconnected, we easily calculate the equivalent in-

ductance
2x 3

243
the equivalent resistance, in series with the equivalent inductance,

Leg= +1=22mH

_90(60 + 120)

Ro, = 50 =110 Q
1 90 + 180 i

and the time constant 5
Leg 22x107
=TT —90us
"~ R, 110 a
The form of the natural response is Ke 2009 where K is an unknown constant. Con-
sidering the circuit just prior to the switch opening at ¢t = 07, i, = 18/50 A. Since
ir,(0%) =i, (07), we know that iy = 18/50 A, or 360 mA at t = 0™ and so

. _ [s60maA t<0
L) 360650000t A £ >

There is no restriction on 4, changing instantaneously at ¢ = 0, so its value at ¢t = 0~
(200 mA) is not relevant to finding i, for ¢ > 0. Instead, we must find 41 (0") through our
knowledge of i,,(0T). Using current division,

120 4 60
1 (07) = —ip (0) ——" 2 — 240 mA
1(07) = =i (0") 0607 90
Hence,
‘ 200 MA t<0
11 =
"7 ) 2240750000t A 4>

Question 4

Consider the circuit shown in Fig. [4]

4 kQ 1 kQ 5kQ
—\VW\ NN—— MWV

2kQ § 1 uF =< v¢ §6 kQ 2kQ§
- vs(t)

Figure 4: A first-order LIT RC circuit.
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(a) Find the step response of v.(t).

First, we calculate the Thevenin voltage and resistor as
Rr = (2+4)||1]]6 = 0.75 kQ

_ (2+4)l6 3
Vi = W’Us(t) = sz(t)

Now, we have a simple series RC circuit with the governing differential equation

doe(t) 1 31 B
=+ () = =7 = RpC = 0.00075, ¢ >0

and the initial condition
0e(0=) = 0= v(0+) =0

So, for the step response with vg(t) = u(t),

0 t<0 3 4000
t) = =Z(1—e 3 Hu(t
s(t) {2(1_64‘?01&) >0 4( e 3 u(t)

ds(t) 4000 4000,

h(t) = =1000e™ "3 ‘u(t) +05(t) = 1000e™ 3 ‘u(t)

(c) Find the zero-state response of v.(t) if vs(t) = Bu(t) + 28’ (¢).

4
W) = dh(t) _ 0005 (1) — 1000000

e_%tu(t)

8000000
~H5 ) u(t) + 20005 (t) — .

e_@tu(t)

ve(t) = bs(t) + 2k (t) = Z(l —e

(d) Find the zero-state response of v.(t) if vs(t) = 2e~2tu(t).

do(t) 1 us(t) _ 3e”*
Uc( ) + *’Uc(t) — US( ) — 67,{; > O;UC(O+) = UC(O_) =0
dt T 4T 2T

ve(t) = Ke 7 + Ae %
The particular solution Ae~2 satisfies the differential equation. So,

3e~ 2 3
— = A=
2T 2 —A4r

1
—24e % 4 ZAe % =
T

Further, the initial condition yields

(0" ) =K+A=0=K=-A

Question 4 continued on next page. .. Page 7 of



Electrical Circuits (Taught by Mohammad Hadi) Student Name

Assignment 5 (Due on DDD., mmm. dd, yyyy) Student Number
Finally,
_ot k2 3 _9¢ _t
ve(t) = Ale e T)= ( e 7),t>0
2 —4r
and
0, t<0 3 _op .t —2t _—1333¢

Ve(t) = = e “"—e 7)u(t) = 1.502(e”"—e u(t
o(t) {2_347(6_%_6;)7 P Ju(t) ( Ju(®)

(e) Find the zero-state response of v.(t) if vs(t) = 2 cos(t)u(t).

7

duc(t) 1 ~ 3ws(t)  3cos(t) ‘ o L
p ;vc(t)— 4 - o s> 0;0:(07) =v.(07) =0
ve(t) = Ke™r + Acos(t) + Bsin(t)
The particular solution A cos(t) + B sin(t) satisfies the differential equation. So,
A Bisi
_ Asin(t) + B cos(t) + cos(t) + Bsin(t) _ 3 cos(t)
T i
—A+£2=0 3 37
v A = — B = — = A
{B+f:2?; ATt T e T
Further, the initial condition yields
e(0F)=K+A=0=>K=-A
Finally,
3
ve(t) = —Ae™7 + Acos(t) + TAsin(t) = ———(cos(t) + 7sin(t) — e_f),t >0
2+ 272
and
0, t<0 3 . _t
ve(t) = = ———(cos(t) +7sin(t) —e 7 )u(t
e(t) {2+272(cos(t)+7'sin(t)—e_i), t>0 2+27'2( ) - wrein(E) Jul®)
ve(t) = 1.4999(cos(t) + 0.00075 sin(t) — e~ 13330y (t)

SOFTWARE QUESTIONS

Question 5 continued on next page. .. Page 8 of
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Question 5

Consider the circuit shown in Fig. [5, where the diodes are TN4148 and v (¢) is a periodic square
signal with low level 0, high level 15 V, duty cycle 0.5, and period 7. Simulate the circuit in
PSpice and plot the capacitor voltage versus time when ; = RiC < Tand , = R:C < T
and when r; = R1C > T and » = Ry;C > T. Discuss and compare the results.

C
-
- +
+ vd R, Ry

G
(| +
NO.05UN_ {
V1=0 v ' < Rt « H2
V2 =15 {’ ‘~\ = b
=0 VY 1k 4K
TR=1n 1
TF=1n 7/ D1 /S D2
PW = 0.5m
PER = 1m T D1N4148 D1N4148
£215.

Figure 6: Schematic of the circuit shown in Fig.

Figure 7. Input and capacitor voltages versus time for 7' = 1 ms, C = 2 uF, Ry = 1 kS, and
Ry =4 k.

Question 5 continued on next page. .. Page 9 of
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Figure 8: Input and capacitor voltages versus time for T'= 1 ms, C = 0.05 uF, Ry = 1'kQ, and
Ry = 4 kS

The schematic of the circuit is shown in Fig. [5|while Figs. [/]and[8|shows capacitor voltage
versus time forr; = RiC > T and = ReC > Tandform; = RiC <« T and 1 =
R>C < T, respectively. In both figures, the capacitor charges when the input voltage is
high and discharges when the input voltage is zero. The time constants of the charging and
discharging periods are 1 = R1C and 7o, = RyC, respectively. When the time constants
are large as shown in Fig. |/} the capacitor cannot charge or discharge to the input high
and low voltages, respectively. However, as shown in Fig. [8) when the time constants are
small, the capacitor voltage can approach the extreme values of 0 and 15.

BONUS QUESTIONS

Question 6

Find an expression for the NTI resistor voltage in Fig. @valid for ¢t > 0. Assume that v.(0") =
Vo = 3.

Question 6 continued on next page. .. Page 10 of
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Figure 9: (a) Anonlinear RC circuit with an NTl resistor (b) Characteristic curve of the NTI resistor.

There is a piecewise linear relation between vg and iz as

2R iR <1
VR=4 —tp+3 1<ip<3
iR — 1 2<1iR

Writing the KVL, KCL, and characteristic equations of the circuit,

KCL: ig = —ic

d’UR .
KVL: vg = vo = W"‘ZR:O
capacitor current: i¢ = C%C

We have vg(0") = vo(0T) = 3soat ¢t = 0, we are on the third piece (point A). Hence:

d
iR = _%(iR —1) = igp =ige " = vp=ige " —1

=vp(0T)=ig—1=3=ig=4=>vgp=4e" -1

This solution is valid until iz > 2 which means ¢ < ¢; = In2. At ¢ = ¢1, we reach point B
and now we have to determine the next piece. If we go on the second piece (the one with

negative slope) then

dvg .
H>0, ZR>O

which violates the differential equation le}—tR +ir = 0. Note that on the second piece, the
voltage is ascending and when the piece it traversed from B to C as time proceeds, ‘Z’—f > 0.
So, we should go on the first piece on point C. At this point,

d
ip =~ (2ip), vR(t]) = 1=t > t1: va(t) = e "™

Hence, for ¢t > 0,

) — 4et — 1 0<t<In2 de -1 0<t<In2
UR( ) - e—O.5(t—ln2) n2 <t - \/Qe—O.St n2<t

Page 11 of[12]
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Question 7

Return your answers by filling the KTeXtemplate of the assignment.

EXTRA QUESTIONS

Question 8

Feel free to solve the following questions from the book “Engineering Circuit Analysis” by W.
Hayt, J. Kemmerly, and S. Durbin.

1. Chapter 8, question 29.
Chapter 8, question 31.
Chapter 8, question 37.
Chapter 8, question 38.
Chapter 8, question 39.
Chapter 8, question 48.
Chapter 8, question 50.

Chapter 8, question 51.

v ® N o o & WD

Chapter 8, question 52.

-
o

. Chapter 8, question 58.

—
—

. Chapter 8, question 60.

-
N

. Chapter 8, question 61.

Y
w

. Chapter 8, question 64.
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