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Preliminaries
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Lowpass and Bandpass Signals

Figure: Bandpass signal and lowpass signals.

Lowpass signal: A signal whose spectrum is located around the zero frequency.

Bandpass signal: A signal whose spectrum is far from the zero frequency.
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Lowpass and Bandpass Signals

Lowpass to bandpass conversion: x(t) = Re{xl (t)e j2πfc t} = Re{A(t)e j(2πfc t+θ(t))}

Lowpass to bandpass conversion: x(t) = xc (t) cos(2πfc t)− xs (t) sin(2πfc t)

Lowpass to bandpass conversion: X (f ) = 1
2 Xl (f − fc ) + 1

2 X
∗
l (−(f + fc ))

Bandpass to lowpass conversion: Xl (f ) = 2X (f + fc )u(f + fc )

Lowpass representation: xl (t) = A(t)e jθ(t) = xc (t) + jxs (t)

Representation conversion: xc (t) = A(t) cos(θ(t)), xs (t) = A(t) sin(θ(t))

Representation conversion: A(t) =
√

x2
c (t) + x2

s (t), θ(t) = tan−1( xs (t)
xc (t) )

Envelope component: A(t) =
√

x2(t) + x̂2(t)

Phase component: θ(t) = tan−1
[ x̂(t) cos(2πfc t)−x(t) sin(2πfc t)

x(t) cos(2πfc t)+x̂(t) sin(2πfc t)

]
In-phase component: xc (t) = x(t) cos(2πfc t) + x̂(t) sin(2πfc t)

Quadrature component: xs (t) = x̂(t) cos(2πfc t)− x(t) sin(2πfc t)
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Lowpass and Bandpass Signals

Figure: Spectrum of a bandpass signal and its associated lowpass signal.

Lowpass to bandpass conversion: X (f ) = 1
2 Xl (f − fc ) + 1

2 X
∗
l (−(f + fc ))

Bandpass to lowpass conversion: Xl (f ) = 2X (f + fc )u(f + fc )
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Lowpass and Bandpass Random Processes

Lowpass random process: A process whose correlation function is lowpass.

Bandpass random process: A process whose correlation function is bandpass.

Lowpass equivalent process: Xl (t) = Xc (t) + jXs (t)

In-phase component: Xc (t) = X (t) cos(2πfc t) + X̂ (t) sin(2πfc t)

Quadrature component: Xs (t) = X̂ (t) cos(2πfc t)− X (t) sin(2πfc t)

Lowpass equivalent PSD: SXl
(f ) = 4SX (f + fc )u(f + fc )

Bandpass PSD: SX (f ) = 1
4

[
SXl

(f − fc ) + SXl
(−f − fc )

]
Component PSD: SXc (f ) = SXs (f ) = [SX (f + fc ) + SX (f − fc )] u ( f

2fc
)

Component cross-PSD: SXcXs (f ) = −SXsXc (f ) = j[SX (f + fc )− SX (f − fc )] u ( f
2fc

)

Lowpass equivalent correlation: RXl
(τ) = 2(RX (τ) + jR̂X (τ))e−j2πfcτ = 2RXs (τ) = 2RXc (τ)

Mohammad Hadi Statistical Optical Communication Fall 2021 7 / 39



Gaussian Processes

For a real Gaussian random process X (t),

1 X (t1) has Gaussian distribution.

2 (X (t1),X (t2)) have two-dimensional jointly Gaussian distribution.

3 (X (t1), · · · ,X (tn)) have n-dimensional jointly Gaussian distribution.

4 Fourth moment is

E{X (t1)X (t2)X (t3)X (t4)} = E{X (t1)X (t2)}E{X (t3)X (t4)}
+ E{X (t1)X (t3)}E{X (t2)X (t4)}+ E{X (t1)X (t4)}E{X (t2)X (t3)}

5 If X (t) is zero-mean, E{X (t1)} = 0 and E{X (t1)X (t2)X (t3)} = 0.

6 If X (t) is WSS, RX 2 (τ) = 2R2
X (τ) + R2

X (0).

7 If X (t) is zero-mean, E{X (t1)} = E{X (t1)X 2(t2)} = 0.
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White and Colored Gaussian Noise

Figure: Spectrum of the white and colored thermal noise.

1 White thermal noise

Stationary process
Zero-mean process.
Gaussian process.
White process with a PSD Sn(f ) =

N0
2
.

2 Colored thermal noise

Filtered process with PSD SX (f ) =
N0
2
|H(f )|2
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Bandpass Colored Gaussian Noise

Figure: Spectrum of the colored thermal noise and its associated lowpass components Xs (t) and Xc (t).

1 Xc(t) and Xs(t) are zero-mean, lowpass, jointly WSS, and jointly Gaussian.

2 Processes X (t), Xc(t), and Xs(t) have the identical power Px .

3 Processes Xc(t) and Xs(t) have the same power spectral density.

4 If ±fc are the symmetry axis of the spectrum parts, Xc(t) and Xs(t) are
independent processes.
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System Model
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Figure: Optical direct detection (incoherent detection) (analog communication) system.

Received noisy field: fr (t, r) = a(t, r)e j2πνt

Received noisy complex envelope: a(t, r) = s(t, r) + b(t, r)

Count intensity process: n(t) = α
∫
A
|a(t, r)|2dr

Carrier generation process: k(0, t)

Shot noise process: i(t) =
∑k(0,t)

j=1 gjh(t − tj), gj = 1

Dark current: Idc

Thermal noise power spectral density: N0c

Filter frequency response: F (ω)

Filtered current: y(t)
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Figure: Optical direct detection (incoherent detection) (analog communication) system.

Received noisy complex envelope decomposition:

a(t, r) =
∞∑
i=0

ai (t)Φi (r) =
∞∑
i=0

[si (t) + bi (t)]Φi (r)

Count intensity process:

n(t) = α

∫
A

|a(t, r)|2dr = α

∫
A

|
∞∑
i=0

ai (t)Φi (r)|2dr = α

∫
A

∞∑
i=0

∞∑
j=0

ai (t)a∗j (t)Φi (r)Φ∗j (r)dr

= α
∑
i=0

|ai (t)|2
∫
A

|Φi (r)|2dr + α

∞∑
i,j=0,i 6=j

ai (t)a∗j (t)

∫
A

Φi (r)Φ∗j (r)dr = αA
∑
i=0

|ai (t)|2
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System Model
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Figure: Optical direct detection (incoherent detection) (analog communication) system.

Intensity modulation: |si (t)|2 = Isi [1 + βm(t)]

Intensity modulating message: m(t), E{m(t)} = 0

Average field intensity: Isi = E{|si (t)|2}
Space-division multiplexed intensity modulation: |si (t)|2 = Isi [1 + βimi (t)]
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System Analysis
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Single-mode System
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Figure: Single-mode optical direct detection system with stationary received intensity.

Received noisy complex envelope:
a(t, r) = a(t) = s(t) + b(t), Φi (r) = 1, r ∈ A

Intensity modulation: |s(t)|2 = Is [1 + βm(t)]

Count intensity: n(t) = αA|a(t)|2 = αA|s(t) + b(t)|2

Current power spectral density: Si (ω) = |HT (ω)|2
[
En{n̄}+ Sn(ω)

]
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Single-mode System
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Figure: Single-mode optical direct detection system with stationary received intensity. Signal and background
noise processes are assumed independent. The background noise is modeled as a zero-mean colored Gaussian

noise. Assuming that the receiver optical bandwidth is assumed B0, the noise power is Pb0 = A
N0
A B0, where

N0 is the background noise power spectral density.
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Figure: Power spectral densities of the noise and message,where Bm � Bo .
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Single-mode System

Expected mean count En{n̄}:

En{n(t)} = αAEn{|s(t) + b(t)|2} = αAEn{[s(t) + b(t)][s(t) + b(t)]∗}

= αA
[
En{|s(t)|2} + En{|b(t)|2} + En{s(t)b∗(t)} + En{b(t)s∗(t)}

]
= αAEn{|s(t)|2} + αAEn{|b(t)|2}
= αARs (0) + αARb(0)

= αAIs + αA
N0

A
B0

= α(Ps + Pb0)

En{n̄} = lim
T→∞

∫ T
−T
En{n(t)}dt

2T
= α(Ps + Pb0)
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Single-mode System

Correlation Rn(τ):

Rn(τ) = E{n(t)n(t + τ)} = (αA)2E
{(

s(t) + b(t)
)(

s(t) + b(t)
)∗(s(t + τ) + b(t + τ)

)
×
(
s(t + τ) + b(t + τ)

)∗} = (αA)2E
{[
|s(t)|2 + |b(t)|2 + s(t)b∗(t) + s∗(t)b(t)

]
×
[
|s(t + τ)|2 + |b(t + τ)|2 + s(t + τ)b∗(t + τ) + s∗(t + τ)b(t + τ)

]}
= (αA)2E

{
|s(t)|2|s(t + τ)|2 + |s(t)|2|b(t + τ)|2 + |b(t)|2|s(t + τ)|2 + |b(t)|2|b(t + τ)|2

+ s(t)s(t + τ)b∗(t)b∗(t + τ) + s∗(t)s∗(t + τ)b(t)b(t + τ) + s(t)s∗(t + τ)b∗(t)b(t + τ)

+ s∗(t)s(t + τ)b(t)b∗(t + τ)
}

= α
2
[

2AIsA
N0

A
Bo + A2R|s|2 (τ) + A2R|b|2 (τ) + A2Rsb(τ)

]
= α

2
[

2PsPb0 + A2R|s|2 (τ) + A2R|b|2 (τ) + A2Rsb(τ)
]

PSD Sn(ω):

Sn(ω) = F{Rn(τ)} = α
2
[

4πPsPb0δ(ω) + A2S|s|2 (ω) + A2S|b|2 (ω) + A2Ssb(ω)
]
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Single-mode System

Correlation R|s|2 (τ):

R|s|2 (τ) = E
{
|s(t)|2|s(t + τ)|2

}
= E

{
Is [1 + βm(t)]Is [1 + βm(t + τ)]

}
= I 2

s + I 2
s βE

{
m(t)

}
+ I 2

s βE
{
m(t + τ)

}
+ I 2

s β
2E
{
m(t)m(t + τ)

}
= I 2

s [1 + β
2Rm(τ)]

PSD S|s|2 (ω):

A2S|s|2 (ω) = A2F{R|s|2 (τ)} = 2πA2I 2
s δ(ω) + A2I 2

s β
2Sm(ω) = 2πP2

s δ(ω) + P2
s β

2Sm(ω)
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Single-mode System

Correlation R|b|2 (τ):

R|b|2 (τ) = E
{
|b(t)|2|b(t + τ)|2

}
= E

{
[b2

r (t) + b2
i (t)][b2

r (t + τ) + b2
i (t + τ)]

}
= E

{
b2
r (t)b2

r (t + τ) + b2
i (t)b2

i (t + τ) + b2
r (t)b2

i (t + τ) + b2
i (t)b2

r (t + τ)
}

= Rb2
r

(τ) + R
b2
i

(τ) + 2Rbr (0)Rbi
(0)

= 4R2
br

(τ) + 2R2
br

(0) + 2R2
br

(0)

= R2
b (τ) + R2

b (0) = R2
b (τ) +

N2
0

A2
B2
o

PSD S|b|2 (ω):

A2S|b|2 (ω) = A2F{R|b|2 (τ)} = 2πA2 N
2
0

A2
B2
oδ(ω) + A2 1

2π
Sb(ω) ∗ Sb(ω), Sb(ω) =

N0

A
u (

ω

2πBo
)

A2S|b|2 (ω) = 2πP2
b0
δ(ω) + A2 N

2
0

A2
B0Λ(

ω

2πBo
)

≈ 2πP2
b0
δ(ω) + N2

0Bo = 2πP2
b0
δ(ω) + N0Pb0

, bandwidth of s(t)� Bo
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Single-mode System

Correlation Rsb(τ):

Rsb(τ) = E
{
s(t)s(t + τ)b∗(t)b∗(t + τ) + s∗(t)s∗(t + τ)b(t)b(t + τ) + s(t)s∗(t + τ)b∗(t)b(t + τ)

+ s∗(t)s(t + τ)b(t)b∗(t + τ)
}

= E
{

2 Re{s(t)s(t + τ)b∗(t)b∗(t + τ) + s(t)s∗(t + τ)b∗(t)b(t + τ)}
}

= 2 Re
{
Rss (τ)Rb∗b∗ (τ) + Rss∗ (τ)Rb∗b(τ)

}
= 2 Re

{
Rss∗ (τ)Rb∗b(τ)

}
= 2 Re

{
Rs (τ)Rb(τ)

}
= 2Rs (τ)Rb(τ) ≈ 2Rs (0)Rb(τ) = 2IsRb(τ), bandwidth of s(t)� Bo

PSD Ssb(ω):

A2Ssb(ω) = A2F{Rsb(τ)} = 2A2Is
N0

A
= 2PsN0, |ω| ≤

Bo

2
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Single-mode System

Correlation Rn(τ):

Rn(τ) = α
2
[

2PsPb0 + A2R|s|2 (τ) + A2R|b|2 (τ) + A2Rsb(τ)
]

PSD Sn(ω):

Sn(ω) = α
2
[

4πPsPb0δ(ω) + 2πP2
s δ(ω) + P2

s β
2Sm(ω) + 2πP2

b0
δ(ω) + N0Pb0 + 2PsN0

]
= 2πα2(Ps + Pb0

)2
δ(ω) + (αβPs )2Sm(ω) + α

2(N0Pb0 + 2PsN0)

Current power spectral density:

Si (ω) = |HT (ω)|2
[
En{n̄} + Sn(ω)

]
= |HT (ω)|2

[
α(Ps + Pb0

) + 2πα2(Ps + Pb0
)2
δ(ω) + (αβPs )2Sm(ω) + α

2(N0Pb0 + 2PsN0)
]
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Single-mode System
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Figure: Current spectrum for a Single-mode optical direct detection system with stationary received intensity.

Current power spectral density:

Si (ω) = |HT (ω)|2
[
α(Ps + Pb0

) + α
2N0(Pb0 + 2Ps ) + 2πα2(Ps + Pb0

)2
δ(ω) + (αβPs )2Sm(ω)

]
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Single-mode Signal/Multi-mode Detection System
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Figure: Multi-mode optical direct detection system with stationary received intensity. The signal is included in
the first mode and other modes only contain background noise.

Received noisy complex envelope: a(t, r) = s1(t) + b1(t) +
∑Ds

i=2 bi (t)Φi (r)

Intensity modulation: |s1(t)|2 = Is [1 + βm(t)]

Current power spectral density: Si (ω) = |HT (ω)|2
[
En{n̄}+ Sn(ω)

]
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Single-mode Signal/Multi-mode Detection System

Expected mean count En{n̄}:

En{n(t)} = αAEn
{
|s(t) + b(t)|2 +

Ds∑
i=2

|bi (t)|2
}

= αAEn
{
|s(t) + b(t)|2

}
+ αA

Ds∑
i=2

En
{
|bi (t)|2

}
= α(Ps + Pb0) + α(Ds − 1)Pb0

En{n̄} = lim
T→∞

∫ T
−T
En{n(t)}dt

2T
= α(Ps + DsPb0)
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Single-mode Signal/Multi-mode Detection System

Correlation Rn(τ):

Rn(τ) = E{n(t + τ)n(t)}

= (αA)2E
{[
|s1(t + τ) + b1(t + τ)|2 +

Ds∑
i=2

|bi (t + τ)|2
][
|s1(t) + b1(t)|2 +

Ds∑
i=2

|bi (t)|2
]}

= (αA)2E
{
|s1(t + τ) + b1(t + τ)|2|s1(t) + b1(t)|2

}
+ (αA)2

Ds∑
i=2

E
{
|bi (t + τ)|2|bi (t)|2

}

+ (αA)2
Ds∑
i=2

E
{
|s1(t + τ) + b1(t + τ)|2|bi (t)|2

}
+ (αA)2

Ds∑
i=2

E
{
|s1(t) + b1(t)|2|bi (t + τ)|2

}

+ (αA)2
Ds∑

i,j=2,i 6=j

E
{
|bi (t + τ)|2|bj (t)|2

}

= Rn1
(τ) +

Ds∑
i=2

Rni
(τ) + 2(Ds − 1)α2(Ps + Pb0

)Pb0
+ [(Ds − 1)2 − (Ds − 1)]α2P2

b0
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Single-mode Signal/Multi-mode Detection System

PSD Sn(ω):

Sn(ω) = 2πα2(Ps + Pb0
)2
δ(ω) + (αβPs )2Sm(ω) + α

2(N0Pb0 + 2PsN0) + (Ds − 1)[2πα2P2
b0
δ(ω)

+ α
2N0Pb0] + 2πδ(ω)

[
2(Ds − 1)α2(Ps + Pb0

)Pb0
+ ((Ds − 1)2 − (Ds − 1))α2P2

b0

]
= 2πα2(Ps + DsPb0

)2
δ(ω) + (αβPs )2Sm(ω) + α

2(DsN0Pb0
+ 2PsN0)

Noise power:

Pb = DsPb0
= DsN0Bo = I (λ,T )BoΩfvA, I (λ,T ) =

2hc2

λ5

1

exp
(

hc
λKT

)
− 1

Current power spectral density:

Si (ω) = |HT (ω)|2
[
α(Ps + Pb) + 2πα2(Ps + Pb)2

δ(ω) + (αβPs )2Sm(ω) + α
2(N0Pb + 2PsN0)

]
αN0 � 1⇒ Si (ω) = |HT (ω)|2

[
α(Ps + Pb) + 2πα2(Ps + Pb)2

δ(ω) + (αβPs )2Sm(ω)
]
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Single-mode Signal/Multi-mode Detection System
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Figure: Multi-mode optical direct detection system with stationary received intensity. The signal is included in
the first mode and other modes only contain background noise.

Current power spectral density with carrier multiplication, dark current, and
thermal noise:

Si (ω) = |HT (ω)|2
[[

(
Idc

e
)2 + (αḡ)2(Ps + Pb)2]2πδ(ω) + (αḡβPs )2Sm(ω) + αḡ2(Ps + Pb) +

Idc

e

]
+ N0c

Output power spectral density:

Sy (ω) = |F (ω)|2
[

(αeḡβPs )2Sm(ω) + αe2ḡ2(Ps + Pb) + eIdc + N0c

]
,Bm � Bo , |H(ω)| = e2

Electronic SNR:

SNR =

1
2π

∫ 2πBm
−2πBm

(αeḡβPs )2Sm(ω)dω

1
2π

∫ 2πBm
−2πBm

[
αe2ḡ2(Ps + Pb) + eIdc + N0c

]
dω

=
(αeḡβPs )2Pm[

αe2ḡ2(Ps + Pb) + eIdc + N0c

]
2Bm

Mohammad Hadi Statistical Optical Communication Fall 2021 29 / 39



Single-mode Signal/Multi-mode Detection System

Electronic SNR:

SNR =
(αeḡPs )2(β2Pm)[

αe2ḡ2(Ps + Pb) + eIdc + N0c

]
2Bm

Shot noise-limited SNR:

SNR ≈
(αPs )2(β2Pm)

Fα(Ps + Pb)2Bm
, F =

ḡ2

ḡ2
, Idc ≈ 0, N0c ≈ 0

Quantum-limited SNR:

SNRQL ≈
αPs

2Bm
=

ηPs

(hν)2Bm
, F =

ḡ2

ḡ2
= 1, Idc ≈ 0, N0c ≈ 0, β

2Pm = 1, Ps � Pb

Background noise limited SNR:

SNR ≈
αPs (β2Pm)

2FBm

Ps

Pb

, F =
ḡ2

ḡ2
, Pb � Ps , Idc ≈ 0, N0c ≈ 0
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Single-mode Signal/Multi-mode Detection System

Electronic SNR:

SNR = SNRQL(β2Pm)

[
F (1 +

Pb

Ps
) +

Idc

ḡ2eαPsF
+

N0c

(ḡe)2αPsF
)

]−1

Electronic SNR:

SNR = (β2Pm)
n2
s

[F (ns + nb) + ndc + nc ]2Bm

Average number of signal electrons per second: ns = αPs

Average number of background noise electrons per second: nb = αPb

Average dark current count rate in counts per second: ndc = Idc
ḡ2e

Average circuit noise count rate in counts per second: ndc = N0c
(ḡe)2
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Multi-mode Signal/Multi-mode Detection System

Example (Multi-mode direct detection with Ωfv ≤ Ωs)

A multi-mode incoherent detector has a field of view solid angle Ωfv and receives
Ds spatial modes of Ms ≥ Ds transmitted signal modes. Each signal mode has
signal power Ps0 , noise power Pb0 , and incoherent modulation |si (t)|2(1 + βm(t)).

The corresponding shot-noise limited SNR is
(αDsPs0

)2

2αFBmDs (Ps0
+Pb0

) .

sM

fv

sD

n(t) = αA

Ds∑
i=1

|si (t) + bi (t)|2 = αA

Ds∑
i=1

[
|si (t)|2 + |bi (t)|2 + 2 Re{si (t)b∗i (t)}

]
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Multi-mode Signal/Multi-mode Detection System

Example (Multi-mode direct detection with Ωfv ≤ Ωs (cont.))

A multi-mode incoherent detector has a field of view solid angle Ωfv and receives
Ds spatial modes of Ms ≥ Ds transmitted signal modes. Each signal mode has
signal power Ps0 , noise power Pb0 , and incoherent modulation |si (t)|2(1 + βm(t)).

The corresponding shot-noise limited SNR is
(αDsPs0

)2

2αFBmDs (Ps0
+Pb0

) .

E{n̄} = E{n(t)} = αA

Ds∑
i=1

E{|si (t) + bi (t)|2} = α

Ds∑
i=1

(Ps0
+ Pb0

) = αDs (Ps0
+ Pb0

)

E{n(t + τ)n(t)} = (αA)2
Ds∑

i,j=1

E{|si (t + τ) + bi (t + τ)|2|sj (t) + bj (t)|2}

= (αA)2
Ds∑
i=1

E{|si (t + τ) + bi (t + τ)|2|si (t) + bi (t)|2}

+ (αA)2
Ds∑

i,j=1,i 6=j

E{|si (t + τ) + bi (t + τ)|2|sj (t) + bj (t)|2}

=

Ds∑
i=1

(αβ)2P2
si
Rm(τ) +

Ds∑
i,j=1,i 6=j

(αβ)2Psi
Psj

Rm(τ) + · · · = (αβ)2D2
s P

2
s0
Rm(τ) + · · ·
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Multi-mode Signal/Multi-mode Detection System

Example (Multi-mode direct detection with Ωfv ≤ Ωs (cont.))

A multi-mode incoherent detector has a field of view solid angle Ωfv and receives
Ds spatial modes of Ms ≥ Ds transmitted signal modes. Each signal mode has
signal power Ps0 , noise power Pb0 , and incoherent modulation |si (t)|2(1 + βm(t)).

The corresponding shot-noise limited SNR is
(αDsPs0

)2

2αFBmDs (Ps0
+Pb0

) .

Si (ω) ≈ |F (ω)|2e2[
αDs ḡ2(Ps0

+ Pb0
) + (αβ)2D2

s ḡ
2P2

s0
Sm(ω)

]
SNR =

(αDsPs0
)2(β2Pm)

FαDs (Ps0
+ Pb0

)2Bm
∝

(αDsPs0
)2

2αFBmDs (Ps0
+ Pb0

)
= Ds

(αPs0
)2

2αFBm(Ps0
+ Pb0

)
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Multi-mode Signal/Multi-mode Detection System

Example (Multi-mode direct detection with Ωfv ≥ Ωs)

A multi-mode incoherent detector has a field of view solid angle Ωfv and receives Ds

spatial modes including Ms ≤ Ds transmitted signal modes. Each signal mode has
signal power Ps0 , noise power Pb0 , and incoherent modulation |si (t)|2(1 + βm(t)).

The corresponding shot-noise limited SNR is
(αMsPs0

)2

2αFBm(MsPs0
+DsPb0

) .

sM

fv

sD

SNR ∝
(αMsPs0

)2

2αFBm(MsPs0
+ DsPb0

)
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Multi-mode Signal/Multi-mode Detection System

Example (Max-SNR multi-mode direct detection)

A multi-mode incoherent detector, receiving a linear combination of the spatial
modes, achieves the maximum shot noise-limited SNR for the combination coef-
ficients qi = C

Psi

Psi
+Pb0

, where Psi is the signal power is spatial mode i and Pb0

denotes the noise power in each spatial mode.

+

1q

2q

3q

4q

5q
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Multi-mode Signal/Multi-mode Detection System

Example (Max-SNR multi-mode direct detection (cont.))

A multi-mode incoherent detector, receiving a linear combination of the spatial
modes, achieves the maximum shot noise-limited SNR for the combination coef-
ficients qi = C

Psi

Psi
+Pb0

, where Psi is the signal power is spatial mode i and Pb0

denotes the noise power in each spatial mode.

SNR ∝
(∑

i qiPsi

)2

2αFBm
∑

i q
2
i (Psi

+ Pb0
)(∑

i

qiPsi

)2 =
(∑

i

qi
√

Psi
+ Pb0

Psi√
Psi

+ Pb0

)2 ≤
∑
i

(
qi
√

Psi
+ Pb0

)2
∑
i

( Psi√
Psi

+ Pb0

)2

SNR ∝
(∑

i qiPsi

)2

2αFBm
∑

i q
2
i (Psi

+ Pb0
)
≤
∑
i

(αPsi
)2

2αFBm(Psi
+ Pb0

)

qi
√

Psi
+ Pb0

= C
Psi√

Psi
+ Pb0

⇒ qi = C
Psi

Psi
+ Pb0
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Multi-mode Signal/Multi-mode Detection System

Example (Max-SNR multi-mode direct detection (cont.))

A multi-mode incoherent detector, receiving a linear combination of the spatial
modes, achieves the maximum shot noise-limited SNR for the combination coef-
ficients qi = C

Psi

Psi
+Pb0

, where Psi is the signal power is spatial mode i and Pb0

denotes the noise power in each spatial mode.

Psi = 0⇒ qi = 0

Psi � Pb0 ⇒ qi = 1

Psi = Psj ⇒ qi = qj
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The End
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