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Statistical Optical Communications (Taught by Mohammad Hadi)
Assignment 2 (Due on DDD., mmm. dd, yyyy)

Student Name
Student Number

MATHEMATICAL QUESTIONS

Question 1
Let a(t) be a random Wiener process satisfying

1. a(0) = 0

2. E{a(t)} = 0

3. E{a2(t)} = σ2t

4. P{a(t) = a} = 1√
2πσ2t

exp(− a2

2σ2t
)

5. a(t3)− a(t2) ⊥⊥ a(t2)− a(t1), t1 < t2 < t3

(a) Find the correlation function of the Wiener process a(t).

(b) Find the Karhunen-Loeve expansion of the Wiener process a(t).

Question 2
Find the Karhunen-Loeve expansion of the Brownian bridge process defined as x(t) = a(t) −
ta(1) over the interval [0, 1], where a(t) is a Wiener random process.

Question 3
For β > 0 and ρ > 0, we have a stochastic differential equation (SDE) for the stochastic process
z(t) as

dz(t) = −βz(t)dt+ ρ da(t)

, where a(t) is a Wiener random process with E{a2(t)} = t. This SDE can be solved and the
corresponding solution is

z(t) = z(0)e−βt + ρ

∫ t

0
e−β(t−s)da(s)

If z(0) ∼ N (0, c) is a normal random variable, where c = ρ2

2β , z(t) is called an Ornstein-
Uhlenbeck process with parameters β and c.
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(a) Find the correlation function of the Ornstein-Uhlenbeck process z(t).

(b) Find the Karhunen-Loeve expansion of the Ornstein-Uhlenbeck z(t) over the interval [0, 1].

Question 4
LetX ∼ B(n, p) is a binomial random variable, where n is the number of independent Bernoulli
trials and p is the probability of a successful trial.

(a) Show that if n → ∞ while np = λ is finite, the random variable X has the Poisson distribution
X ∼ P(λ) = P(np).

(b) Show that if n → ∞, the random variable X has the normal distribution X ∼ N (µ, σ2) =
N (np, np(1− p)).

SOFTWARE QUESTIONS

Question 5
Use Python or MATLAB to develop a function that generates sample functions of a Wiener
random process.

BONUS QUESTIONS

Question 6
Extend the code in Question 5 to generate sample functions of Wiener, Brownian bridge, and
white Gaussian random processes. You might add a new argument to the function that repre-
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sents the random process type.

Question 7
Return your answers by filling the LATEXtemplate of the assignment.
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