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Abstract—A circuit model is proposed for periodic one-

dimensional array of metallic strips in the sub-wavelength regime. 

The parameters of the proposed circuit and their dependence on 

frequency are all explicitly given by closed form expressions. The 

necessity of using numerical simulation to extract model 

parameters is thus sidestepped. It is demonstrated that the 

proposed model is valid at different incident angles and for 

arbitrary surrounding mediums given that there is only one 

propagating diffracted order outside the grating and only one 

guided mode supported by the slits. Both major polarizations are 

studied in this paper. 

 
Index Terms— metallic grating, sub-wavelength structures, 

circuit model 

 

I. INTRODUCTION 

ECENT researches revealed that metallic structures with 

sub-wavelength features have a great potential for 

producing unusual electromagnetic responses [1-4]. 

Creation of high-impedance surfaces [5], effective plasmonic 

behavior [6], high index of refraction [3] and negative 

refractive index [7] are some of these interesting examples. In 

particular, extra-ordinary transmission (EOT) through sub-

wavelength periodic array of holes or slits perforated in 

relatively thick metals has caused intensive research efforts 

since its discovery by Ebbesen et. al. [8]. Many authors have 

attributed this phenomenon to the excitation of surface 

plasmon polaritons on the periodically structured surface of 

the metal screen [9]-[11] but some has also tried to ascribe this 

phenomenon to the resonance of TEM modes supported by the 

metallic slits present in the structure[12].  

Equivalent circuit models are recently proposed for these 

structures and the EOT in the sub-wavelength regime is thus 

explained by using the impedance matching concept. Such 

circuit models have been thus far developed for two-

dimensional array of holes [13] and for one-dimensional array 

of metallic slits [14]. The structure in the latter case has been 

modeled for TM polarization by using two capacitors to 

account for the evanescent fields on the surfaces of the 

structure and a transmission line to account for the TEM mode 

propagating inside the slits. This model, however, has some 

limitations. First, the capacitances of the model capacitors and 

their frequency dependence are not explicitly given in closed 

form expressions and have to be derived numerically, e.g. by 
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mode matching [14]. Second, the proposed model is limited to 

normal incidence and should be modified for arbitrary angle of 

incidence. Although it is straightforward to generalize the 

model for TM waves at arbitrary angle of incidence, accurate 

modeling of TE waves is more delicate. Third, outside the 

grating region is assumed to be free space and thus the model 

should be generalized to consider any homogeneous structure 

with arbitrary refractive index. This latter limitation is 

however partially overcome in [15], where the full wave 

analysis of the structure is to be carried out at a few specific 

frequencies to extract circuit parameters for TM polarized 

waves.  

The abovementioned limitations are addressed in this paper, 

where a one-dimensional array of metallic strips sandwiched 

between arbitrary homogeneous media is considered for 

oblique incidence at both major polarizations. Parameters of 

the appropriate circuit model are all given by closed form 

expressions to avoid resorting to additional numerical efforts 

for their extraction. First, the TM polarization is studied and 

then the Babinet principle is applied to modify the model for 

TE polarization. It is shown that the capacitors in the TM 

circuit model should be replaced with inductors and that the 

transmission line accounting for the grating region should be 

related to the characteristic impedance and propagation 

constant of the first TE mode propagating between the slits. 

The paper is organized as follows: Section II is devoted to 

the detailed description of the proposed circuit model, whose 

limitations are expounded in detail in the next section. 

Numerical results are then given in section IV, where the 

accuracy of the proposed model is compared against numerical 

results obtained by using a rigorous approach. Finally, the 

conclusions are made in section V. 

II. THE PROPOSED CIRCUIT MODEL 

The geometry of the structure to be studied is shown in Fig. 

1. The periodic arrangement of metallic strips in a medium 

with refractive index of n2, forms a grating with period d and 

thickness h. The spacing between metal strips is w and the 

grating region is sandwiched between two homogenous 

regions with refractive indices of n1 and n3. The magnetic 

permeability is everywhere equal to that of the free space. The 

structure is illuminated by a uniform plane wave whose wave 

vector is incident at angle θ with respect to the Oz axis. The 

free space wavelength of the wave is denoted by λ. 

Similar to the proposed model in [14], the grating region is 

modeled by a transmission line, which is terminated by 

reactive components to account for the evanescent waves 

storing electromagnetic energy at the vicinity of the external 
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interfaces of the grating. First, the TM polarization is 

investigated and then some necessary changes are made to 

consider the TE polarization. 

 

Fig. 1. The geometry of the structure under study: periodic array of metallic 

strips under the incidence of a uniform plane wave. 

A. TM polarization 

The schematic of the proposed model for TM polarized 

waves is shown in Fig. 2 and is similar to the proposed model 

in [14]. The transmission line models the field behavior as it 

travels between the slits. It is geometrically obvious that the 

length of this transmission line should be h and its propagation 

constant; TM

2β , and characteristic impedance; TMZ2
,  should be 

equal to those of the TEM mode supported by a parallel plate 

waveguide whose plates are separated by a distance w [14]: 

 202 nkTM =β  (1) 

 dn

w
Z TM

2

0
2

η
=  (2) 

where k0 = 2π / λ and η0 ≈ 120π are the free space wave 

number and impedance, respectively. 

 

 

Fig. 2. The proposed circuit to model the structure shown in Fig. 1 for TM 

polarized incident waves. 

The transmission line is terminated by TMZ1
, C1 and TMZ3

, 

C3 at its input and output terminals; respectively. The TMZ1
 and 

TMZ3
 impedances represent electromagnetic wave impedances 

in the incident and transmission homogenous regions having 

refractive indices of n1 and n3; respectively. It is therefore 

straightforward to show that 

 3,1,/cos0 == inZ ii

TM

i θη  (3) 

where θ1 and θ3 are the zeroth diffracted order angles in 

regions 1 and 3, respectively. It is worth noting that θ1 = θ. 

 

Fig. 3. The electrostatic problem that can be solved to determine the static 

values of the capacitors C1 and C3 in the proposed model shown in Fig. 2. 

The capacitors C1 and C3 account for the evanescent fields 

and are wavelength-dependent. It is however already shown 

that these capacitors are at large enough wavelengths equal to 

the edge capacitances C1
st
 and C3

st
 that are schematically 

depicted between the metallic sidewalls shown in Fig. 3 [14]. 

It is for this reason possible to obtain the static values of the 

sought-after capacitances C1= C1
st
 and C3= C3

st
 by finding the 

edge capacitances in Fig. 3. The following formula is already 

derived for the static capacitors for n1 = n3 = 1 [16]: 

 
πη

π

00

031

2
cscLn

c

d

w
d

CCC ststst

















≅==  (4) 

Here, c0 denotes the speed of light in free space. This 

expression is extended here to consider arbitrary n1 and n3: 

 3,1,0

2 =≅ iCnC st

i

st

i
 (5) 

The details of this extension are presented in the appendix. 

 The wavelength dependence of C1 and that of C3 can then 

be determined by using the following expression, which is 

based on the frequency dependence of the wave impedance of 

TM modes in parallel plate waveguides [14]: 
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Here, dn iiC )sin1( θλ +=  is the wavelength at which the 

minus-first diffracted order becomes propagating and α is an 

unknown coefficient left to be determined. As expected, Ci
st
 is 

the limit point of the above expression when the wavelength 

approaches infinity, i.e. λ → ∞. This expression is already 

reported in [14] but the fitting α to yield the correct values of 

the capacitors at different wavelengths was left to be obtained 

by the mode-matching technique or similar rigorous 

approaches. In the present study, we found that α = (1 − f
4
)

1/2
; 

where f = 1 – w/d stands for the fill factor of the grating, is an 

accurate enough approximation that provides very good 

results.  

As a naïve approximation for small fill factors, the expression 

in (6) can be further approximated by using α  = 1: 
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B. TE polarization 

It is a well-known fact that the Babinet's principle can be 

applied to modify the proposed model for TE polarization 

when the grating thickness is h = 0 [16]. Since the transmission 

line is for h = 0 eliminated from the model, the only remaining 

modification will be replacing the shunt capacitors in Fig. 2 

with shunt inductors whose value is to be determined shortly. 

Given that the capacitors C1 and C3 of the proposed circuit to 

model the structure for TM polarization are connected in 

parallel whenever h = 0, the TM surface impedance of the 

complement of the structure with h = 0 and n1 = n3 = 1 reads 

as: 

 )2/( CjZ TM

S ω−=  (8) 

where C = C1 = C3. It should be noted that the width of the 

metal strips in the complement of the structure is d−w. It is for 

this reason that αc
  = (1 – (w/d)

4
)

1/2
, and w in (4) is replaced by  

d−w in (11).  

As maintained by the Babinet's principle; now, the surface 

impedance of the original structure for TE polarization with h 

= 0 reads as [16]: 
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which can be further simplified to 

 2/LjZ TE

S ω=′  (10) 

where 2

0ηCL = . It is thus formed by two inductors L1 and 

L3=L1 connected in parallel and we have: 
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It is worth noting that we had set n1 = n3 = 1 in the 

complement of the structure to ensure that the inductors in the 

original structure for the TE polarization are calculated under 

the assumption that the magnetic permeability is everywhere 

equal to that of the free space. That is why L3=L1 does not 

depend on the refractive index of the dielectric regions n1 and 

n3.  

Since these shunt inductors represent only evanescent fields 

at the upper and lower interfaces of the grating; however, the 

electromagnetic behavior of waves propagating within the 

grating region remains to be taken into account. A 

transmission line is for this reason employed to complete the 

proposed model for the general case when the grating 

thickness is not necessarily zero. The schematic of the 

proposed model is shown in Fig. 4. Once again, it is 

geometrically obvious that the length of this transmission line 

should be h and its propagation constant; TE

2β , and 

characteristic impedance; TEZ 2
, should be related to the first 

TE mode supported by the same parallel plate waveguide 

whose plates are separated by a distance w: 

 
2

2

2

2

02 






−=
w

nk
TE π

β  (12) 

 
TE

TE k

d

w
Z

2

0

02 )(
β

η=  (13) 

It should be however noticed that using the electromagnetic 

characteristics of the first TE mode in the transmission line of 

the model instead of the electromagnetic characteristics of the 

TEM mode has some implications. The transverse 

electromagnetic field profile of the first TE mode is sinusoidal 

and not uniform: 

 zj

y

TE

e
w

x
EE 2sin0

βπ −






=  (14) 

 zj

x

TE

e
w

x
HH 2sin0

βπ −






=  (15) 

The electric voltage observed between the two plates is then 

related to the electric field amplitude; E0, as follows: 
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Furthermore, the power flow of the TE mode along the 

waveguide is on the one hand: 
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where 
0H  and 

xH  denote the conjugate of H0 and Hx, 

respectively. The power flow in terms of electric voltage and 

current is on the other hand 
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IV
P =  (18) 

where I  denotes the conjugate of I, the electric current. 

It is thus straightforward to relate the electric current; I, to 

the magnetic field amplitude; H0, by combining equations (16), 

(17) and (18): I = πH0/4.  

The circuit impedance V/I is then not equal to the wave 

impedance E0/H0 and we have: 
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It is for this reason necessary to insert a transformer with n
2
 

= π2
/8 to duly transform the wave impedance into electric 

impedance in the circuit model shown in Fig. 4. 
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Fig. 4. The proposed circuit to model the structure shown in Fig. 1 for TE 

polarized incident waves. 

Since the electric current and voltage in the homogenous 

regions outside the grating are directly proportional to the 

electric and magnetic field amplitudes, the TEZ1
 and TEZ 3

 

impedances in the model still represent the electromagnetic 

wave impedances in the incident and transmission 

homogenous regions having refractive indices of n1 and n3; 

respectively: 

 3,1),cos/(0 == inZ ii

TE

i θη  (20) 

III. LIMITATIONS OF THE MODEL 

It is obvious that the accuracy of the proposed circuit model 

is limited to the frequency range where there is only one 

propagating mode inside the slits and only one diffracted order 

outside the grating. 

The condition of having only one propagating mode 

between the slits requires 

 2/2wn>λ  (21) 

for the TM polarization and 

 2wn>λ  (22) 

for the TE polarizations. In these expressions, 2/2wn  and 

2wn  are cutoff wavelengths of the TM1 and TE2 modes of the 

slits, respectively. 

 The condition of having only one propagating diffracted 

order requires: 

 dnn )sin( 1max θλ +>  (23) 

where nmax = max{n1, n3}. In this fashion, even the smallest 

Floquet wave vector corresponds to evanescent Floquet orders 

in the incident and transmission regions.  

IV. NUMERICAL EXAMPLE 

The usefulness of the proposed model is demonstrated 

through some numerical examples. The first example is a 

grating whose parameters in accordance with Fig. 1 are as 

follows: n1 = 1.4, n2 = 1, n3 = 1.2, w = 0.2 cm, h = 3d = 3 cm. 

The incident wave is a TM polarized plane wave. The power 

transmission of this structure is plotted in Fig. 5 versus the 

normalized frequency ωn = d/λ at normal incidence. The 

results are obtained by using the proposed transmission line 

model (dotted line) and the rigorous approach of [17] (solid 

line) The MATLAB code for this method is now available at 

http://ee.sharif.edu/~khavasi/index_files/ASR.zip. We marked 

the maximum frequency limit in which the proposed model is 

valid with a straight dashed line. This restriction is imposed by 

(23). For frequencies within this limit, the proposed 

approximate model virtually coincides with the rigorous 

model.  

Fig. 5.  Transmitted power through a grating illuminated by a TM polarized 

incident plane wave versus normalized frequency calculated by the proposed 

model (dotted line) and the rigorous approach of [17] (solid line). The grating 

parameters are: n1 = 1.4, n2 = 1, n3 = 1.2, w = 0.2 cm and h = 3d = 3 cm. The 

grating is under normal incidence. The straight dashed lines in this figure 

represent the maximum frequency limit obtained by imposing (23). 

The performance of the TM model is also verified for 

different incident angles and different slit widths. The 

transmitted power in the previous example is once again 

plotted versus the incident angle and versus the normalized slit 

width w/d in Figs. 6, and 7, respectively. The normalized 

frequency in these figures is ωn = 0.34. The results obtained by 

using the proposed TM model (dotted line) is compared 

against those obtained by using the rigorous approach of [17] 

(solid line). 

 
Fig 6. Transmitted power through a grating illuminated by a TM polarized 

incident plane wave versus the incident angle calculated by the proposed 

model (dotted line) and the rigorous approach of [17] (solid line). The grating 

parameters are: n1 = 1.4, n2 = 1, n3 = 1.2, w = 0.2 cm and h = 3d = 3 cm. The 

normalized frequency is ωn = 0.34. 
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Fig 7. Transmitted power through a grating illuminated by a TM polarized 

incident plane wave versus the normalized slit width calculated by the 

proposed model (dotted line) and the rigorous approach of [17] (solid line). 

The grating parameters are: n1 = 1.4, n2 = 1, n3 = 1.2 and h = 3d = 3 cm. The 

grating is under normal incidence and the normalized frequency is ωn = 0.34. 

The next example is an array of metallic strips illuminated 

by a TE polarized wave. The spacing between the strips is w = 

0.8 cm. The other parameters are: n1 = 1.2, n2 = 2, n3 = 1, h = 

3 cm, and d = 1 cm. The transmitted power of the structure is 

shown in Fig. 8 versus normalized frequency for θ = 0°. 

Similarly, the results are obtained by two approaches: the 

proposed TE model (dotted line) and the rigorous approach of 

[17] (solid line). The maximum frequency limits imposed by 

(22) and (23) are marked in Fig. 8 by straight solid and dashed 

lines, respectively. As expected, the transmission line model is 

very accurate below the frequency range given in (22) and 

(23). It is however interesting that even for the normalized 

frequencies larger than the upper-limit imposed by (22), the 

proposed model is still working. This can be explained by 

pointing out that the higher order modes in the parallel plate 

waveguide formed by the metallic strips are not excited at 

normal incidence.   

 

Fig. 8. Transmitted power through a grating illuminated by a TE polarized 

incident plane wave versus normalized frequency calculated by the proposed 

model (dotted line) and the rigorous approach of [17] (solid line). The grating 

parameters are: n1 = 1.2, n2 = 2, n3 = 1, w = 0.8 cm and h = 3d = 3 cm. The 

grating is under normal incidence. The straight solid and dashed lines in this 

figure represent the maximum frequency limit obtained by imposing (22) and 

(23), respectively. 

 

 
Fig 9. Transmitted power through a grating illuminated by a TE polarized 

incident plane wave versus incident angle calculated by the proposed model 

(dotted line) and the rigorous approach of [17] (solid line). The grating 

parameters are: n1 = 1.2, n2 = 2, n3 = 1, w = 0.8 cm and h = 3d = 3 cm. The 

normalized frequency is ωn = 0.34. 

 
Fig 10. Transmitted power through a grating illuminated by a TE polarized 

incident plane wave versus normalized slits' width calculated by the proposed 

model (dotted line) and the rigorous approach of [17] (solid line). The grating 

parameters are: n1 = 1.2, n2 = 2, n3 = 1 and h = 3d = 3 cm. The grating is 

under normal incidence and the normalized frequency is ωn = 0.34. 

 

The performance of the TE model is similarly tested at 

different incident angles and for different slit widths.  The 

transmitted power of the same grating studied in the previous 

example is plotted versus the incident angle and versus the slit 

width in Figs. 9, and 10, respectively. The normalized 

frequency is ωn = 0.34 in these figures. Once more, the results 

obtained by using the proposed TE model (dotted line) is 

compared against those obtained by using the rigorous 

approach of [17] (solid line) and an excellent agreement is 

observed. 

 

V. CONCLUSION 

An equivalent circuit has been proposed for modeling one-

dimensional metallic gratings in the sub-wavelength regime for 

both major polarizations. The proposed model for the TM 

polarization is composed of a transmission line for the slits and 

two capacitors for the evanescent fields in the upper and lower 

regions at the vicinity of the grating surface. The capacitance 

of the model capacitors has been given in a simple closed form 

expression in terms of the free space wavelength, the incident 
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angle, the slits' width and the refractive index of incident and 

transmission regions. By applying the Babinet's principle and 

using electromagnetic characteristics of TE1 mode, the 

proposed model is revised for TE waves. 

It has been demonstrated that the equivalent circuits render 

accurate results when there is only one propagating mode 

supported by the slits formed between the metallic strips and 

when the zeroth diffracted order is the only propagating order 

in homogenous regions outside the grating region.  

The results of the proposed equivalent circuit are compared 

with those obtained by following a rigorous method in a 

typical numerical example. An excellent agreement is 

observed between the two methods. 

APPENDIX 

Since the static edge capacitances C1
st
 and C3

st
 in Fig. 3 are 

already determined for n1 = n3 = 1, it is not necessary to re-

solve the Laplace equation and apply the new boundary 

conditions to obtain C1
st
 and C3

st
 for arbitrary n1 and n3. This is 

due to the fact that the Laplace equation; 02 =∇ V , governing 

the electrostatic potential and its corresponding electric field ; 

VE −∇= , are both independent of n1 and n3. Neglecting the 

normal component of the electric field at the interface between 

the dielectric regions n1, n2, and n3, n2, the appropriate 

boundary conditions, i.e. the continuity of the tangential 

electric field, are also independent of n1 and n3. Therefore, the 

electrostatic potential V and its corresponding electric field E 

remain unchanged when regions 1 and 3 are not unity 

anymore. The accumulated surface charge densities on the 

upper and lower metallic plates of the edge capacitances C1
st
 

and C3
st
 are on the other hand proportional to the n1

2
 and n3

2
, 

respectively. This is due to the fact that while the normal 

component of the electric field at the interface between the 

dielectric region and metallic plates is unchanged, the 

permittivity of the dielectric region is now either n1
2
 or n3

2
 and 

we know that the surface charge density is equal to the 

multiplication of the normal component of the electric field 

and the permittivity of the dielectric region, i.e. 
ns Eερ = . The 

total charge accumulated on the edge capacitance Ci
st
 is 

therefore Qi = ni
2
Q0, where i = 1,3 and Q0 indicates the 

accumulated electric charge on the edge capacitance C0
st
 when 

n1 = n3 = 1. The sought-after static edge capacitance  Ci
st
 can 

then be written down as: 

 st

i
iist

i Cn
V

Qn

V

Q
C 20

2

=
∆

=
∆

= ,  i = 1,3  (A.1) 

where ∆V is the potential difference between the two plates. 

As already mentioned, the electrostatic potential and 

consequently ∆V are independent of n1 and n3.  
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