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A Distributed Circuit Model for Side-Coupled
Nanoplasmonic Structures With

Metal–Insulator–Metal Arrangement
Mohsen Rezaei, Sadegh Jalay, Mehdi Miri, Amin Khavasi, Ali P. Fard, Khashayar Mehrany, and Bizhan Rashidian

Abstract—A transmission line model is developed for coupled
plasmonic metal–insulator–metal (MIM) waveguides. In the pro-
posed model coupling between electric fields of two plasmonic
waveguides is modeled by distributed mutual capacitor while dis-
tributed mutual inductor accounts for magnetic field coupling.
These mutual elements are determined using propagation con-
stants of supermodes of coupled waveguides. The model is applied
to analyze coupled line directional coupler and side-coupled rect-
angular resonators. The effectiveness of the model is assessed using
fully numerical finite-difference time-domain (FDTD) technique.
The results have excellent agreement with the numerical methods.

Index Terms—Directional couplers, equivalent circuits, optical
waveguides, plasmons, parallel plate waveguides.

I. INTRODUCTION

P LASMONICS is receiving a considerable and growing at-
tention as a promising technology to overcome the diffrac-

tion limit for miniaturization of photonic circuits down to nano-
metric dimensions [1], [2]. Miscellaneous topologies and ar-
rangements have hitherto been proposed to realize plasmonic
oscillations in metallic structures, viz., V-grooves in metal
substrate [3], metallic nanowires [4], metallic nanoparticle ar-
rays [5], and planar metal–insulator–metal (MIM) structures [6].
Thanks to the beneficent electromagnetic properties of the latter
arrangement, e.g., very strong field localization, and almost-zero
bending loss, MIM structures are among the most favorable. It is,
therefore, no surprise that different types of nanoscale photonic
devices, filters [7], [8], switches [9], [10], couplers [10]–[12],
and demultiplexers [12], [13]—just to name a few, are based
on the MIM arrangement. These structures are usually fabri-
cated by deposition of noble metals on fused dielectric sub-
strates [14], [15].

Given that all these devices have subwavelength features,
numerical methods for rigorous electromagnetic analysis are
burdensome to be applied. Therefore, the availability of accurate
enough approximate methods in electromagnetic analysis of
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such devices is indeed welcome. Transmission line models, in
particular, have enjoyed recent popularity in fast yet accurate
enough modeling of a variety of plasmonic devices [16]–[22].
They bring the concepts and standard design methodologies of
microwave engineering to plasmonics and thereby improve our
design ability.

It is fortunate that the transmission line model conforms
straightforwardly to the MIM arrangement, which—as it was al-
ready mentioned, happens to be quite popular. MIM waveguide
with stubs [17], [18], power dividers [19], subwavelength fre-
quency splitter [13], waveguide discontinuities [20], filters [21],
absorption switches [11], and resonators [22] are all already
modeled by transmission lines. No attempt is, however, made to
apply the transmission line model for analysis of side-coupled
plasmonic devices like MIM directional couplers [10]–[12], and
side-coupled resonators [7], etc. This is due to the fact that the
transmission line in all of the already reported models is al-
ways a single conductor line, which cannot take the effects of
coupling into account.

Here, for the first time to the best of our knowledge, a multi-
conductor transmission line is introduced to account for the cou-
pling effects in MIM structures, and thus, a distributed circuit
model is proposed for analysis of side-coupled plasmonic struc-
tures. The electrical characteristics of the multiconductor trans-
mission line in the proposed model are given by closed-form ex-
pressions in terms of easily extractable parameters; namely, the
propagation constants of appropriate MIM waveguides whose
geometries depend on the structure under study.

This paper is organized as follows: first, the multiconductor
transmission line model is introduced and its parameters are
extracted in Section II. The proposed distributed circuit model
is then applied for analysis of two typical side-coupled MIM
devices, viz., directional couplers and side-coupled resonators.
The proposed model is then justified by the well-known finite-
difference time-domain (FDTD) method in Section III. Finally,
the conclusions are made in Section IV.

II. MULTICONDUCTOR TRANSMISSION LINE MODEL FOR

COUPLING IN MIMS

The coupling mechanism in side-coupled plasmonic devices
with MIM arrangement can be studied by a distributed circuit
if a multiconductor transmission line model is developed to
account for the electromagnetic wave coupling between adja-
cent MIM waveguides, which exist in the device. This is per-
formed here by considering a simple structure made of two
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Fig. 1. (a) Schematic diagram of coupled MIM plasmonic waveguides.
(b) Corresponding coupled transmission line model.

parallel MIM waveguides. This structure is schematically shown
in Fig. 1(a) and can be modeled by a two-conductor transmis-
sion line shown in Fig. 1(b). Once the electromagnetic coupling
in this structure is successfully taken into account, different
types of side-coupled plasmonic devices, e.g., directional cou-
pler and side-coupled waveguide-resonator, can be straightfor-
wardly modeled by using an appropriately loaded two-conductor
transmission line shown in Fig. 1(b). This is demonstrated in the
next section, where distributed circuits based on two-conductor
transmission lines are given for modeling directional couplers
and side-coupled waveguide-resonators.

In the sought-after two-conductor transmission line model—
which is schematically shown in Fig. 1(b), L1 ,C1 and L2 ,C2
denote the self-inductance and self-capacitance of the upper
and lower MIM waveguides, respectively. The upper waveguide
has a dielectric layer of width w1 and permittivity εd ,1 which is
carved in a metallic region of permittivity εm . The width of the
lower waveguide is w2 and its dielectric permittivity is εd ,2 . The
electromagnetic coupling between these two waveguides is in
this model represented by a mutual capacitance Cm and a mutual
inductance Lm . The proposed two-conductor transmission line
model is, therefore, determined when all of the abovementioned
parameters, viz., L1 , C1 , L2 , C2 , Lm , Cm , are found.

Finding all of the abovementioned parameters from scratch
is a burdensome task; therefore, the physical meaning of each
of the parameters can be evoked to have them obtained more
straightforwardly. The mutual inductance; Lm and the mutual
capacitance; Cm are expected to account for the coupling effects;
therefore, the remaining parameters L1 , C1 , L2 , and C2 can be
obtained by studying wave propagation in the standard single
conductor transmission lines representing the upper and lower
waveguides separately. This proves to be a good approximation
because the effects of self-inductance and self-capacitance are
minimal on the coupling. Fortunately, extraction of the self-
inductance and the self-capacitance of a standard single con-
ductor transmission line modeling a typical MIM waveguide is
an undemanding task. The details are given in the Appendix I,

Fig. 2. Effective refractive indices of even and odd supermodes versus the
wavelength of light at free space. The geometrical parameters are in accordance
with Fig. 1: w1 = 60 nm, w2 = 10 nm, and d = 20 nm.

where L1 , C1 , L2 , and C2 are shown to be

L1 =
β2

w1

ω2ε0εd,1
(1a)

C1 = ε0εd,1 (1b)

L2 =
β2

w2

ω2ε0εd,2d
(1c)

C2 = ε0εd,2d. (1d)

In these expressions, βw 1 and βw 2 stand for the propagation
constants of the upper and lower waveguides, respectively.
Given that βw 1 and βw 2 are complex numbers for lossy struc-
tures, the self-inductance of the line is usually complex and has
a series resistance. The self-capacitance, on the other hand, is
complex and has a shunt conductance only if the dielectric per-
mittivity is complex, which is not the case when the dielectric
is air.

To obtain the remaining parameters, Lm and Cm , the propa-
gation constants of the supermodes of the coupled MIM waveg-
uides (upper and lower waveguides together) are employed.
These supermode propagation constants are hereafter denoted
by βe , and βo for the even and odd mode profiles, respec-
tively. They can be easily extracted by using any of the standard
mode extraction methods already reported for multilayer waveg-
uides [23]. As an example, it is assumed that the parameters of
the typical structure shown in Fig. 1(a) is w1 = 60 nm, w2 =
100 nm, and d = 20 nm, when the metallic and dielectric regions
are silver and air, respectively. The effective refractive indices of
the even and odd propagation constants of this typical structure
are plotted versus the free space wavelength; λ0 in Fig. 2 (the
effective refractive index is neff = βλ0 /2π if β is the propagation
constant).

To demonstrate that the yet unknown Lm and Cm can be re-
lated to the even and odd propagation constants of the structure,
the telegrapher’s equations for the two-conductor transmission
line shown in Fig. 1(b) is needed

∂

∂z

[
V1

V2

]
= −jωL

[
I1

I2

]
(2a)
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∂

∂z

[
I1

I2

]
= −jωC

[
V1

V2

]
. (2b)

Here, V1 , I1 and V2 , I2 represent the voltage and current of lines
1 and 2, respectively, and we have

L =
[

L1 Lm

Lm L2

]
(3b)

C =
[

C1 + Cm −Cm

−Cm C2 + Cm

]
. (3b)

It is straightforward to show that

∂2

∂z2

[
V1

V2

]
= −ω2χV

[
V1

V2

]
(4a)

∂2

∂z2

[
I1

I2

]
= −ω2χI

[
I1

I2

]
(4b)

where χV = LC and χI = CL.
Since the diagonalization of the χV and χI matrices uncou-

ples the voltage–current distribution of line 1 from that of the
line 2, the governing equations of the voltages and currents of
the even and odd supermodes—whose propagation constants
are assumed to be known, can be written as

∂2

∂z2

[
Ve

Vo

]
= −ω2D

[
Ve

Vo

]
(5a)

∂2

∂z2

[
Ie

Io

]
= −ω2D

[
Ie

Io

]
(5b)

where
[

Ve

Vo

]
= Q−1

V

[
V1

V2

]
(6a)

[
Ie

Io

]
= Q−1

I

[
I1

I2

]
. (6b)

χV and χI in these expressions are written as

χV = QV DQ−1
V (7a)

and

χI = QIDQ−1
I (7b)

where D, QV , and QI are the eigenvalue and eigenvectors ma-
trices of χV , and χI , matrices, respectively,

D =
[

ζe 0

0 ζo

]
(8a)

QV =
[
QV e QV o

]
(8b)

QI =
[
QI e QI o

]
. (8c)

In view of the fact that Ve , Ie and Vo , Io are now uncoupled,
the corresponding eigenvalues of the even and odd eigenvectors,
i.e., ζe and ζo , are related to the propagation constants of the

even and odd supermodes, i.e., βe , and βo , respectively,

ζe =
(

βe

ω

)2

(9a)

ζo =
(

βo

ω

)2

. (9b)

Now, since the eigenvalues of the χV and χI matrices are
known in terms of the model parameters—which include the yet
unknown Lm and Cm , we can use (9a) and (9b) to obtain Lm

and Cm by using the already determined L1 , C1 , L2 , C2 , βe , βo ,
and ω. It is straightforward to show that Lm is as follows:

Lm = g0 −
√

g2
0 + g1 (10a)

where

g0 =
1

4C1C2

(
(C1 + C2)(β2

e + β2
o )

ω2 − L1C
2
1 − L2C

2
2

)

−
(

L1 + L2

4

)
(10b)

g1 = L1L2 −
(βeβo)2

C1C2ω4 +
L1L2(C1 + C2)
C1C2(L1 + L2)

×
(

β2
e + β2

o

ω2 − L1C1 − L2C2

)
. (10c)

The mutual capacitance between the two conductors of the
line is then

Cm =
1

L1 + L2 − 2Lm

(
β2

e + β2
o

ω2 − L1C1 − L2C2

)
. (11)

Substitution of the abovementioned Lm and Cm in the χV or
χI matrices gives the appropriate set of eigenvalues ζe and
ζo . As expected, the eigenvectors associated with the, thus,
obtained set of eigenvalues are lying in the correct quadrants
(The first/third and the second/forth quadrants for the even and
odd eigenvectors, Qe and Qo , respectively).

Now that all the per-unit-length circuit elements are deter-
mined in terms of easy-to-obtain parameters—i.e., MIM wave-
guide propagation constants: β1 , β2 , βe , and βo , the even and
odd characteristic impedances of the proposed two-conductor
transmission line can be easily extracted by substituting (6) in
(2) and then by carrying out simple algebraic manipulations to
show that

∂

∂z

[
Ve

Vo

]
= −jωP

[
Ie

Io

]
(12a)

∂

∂z

[
Ie

Io

]
= −jωR

[
Ve

Vo

]
(12b)

where

P = [pij ]2×2 = Q−1
V LQI (13a)

R = [rij ]2×2 = Q−1
I CQV . (13b)

The uncoupled nature of even and odd voltage and current distri-
butions implies the diagonality of the P and R matrices in (12). It
should be, however, noted that the off-diagonal elements of these
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Fig. 3. Schematic view of: (a) MIM coupled line directional coupler. (b) Side-coupled waveguide-resonator. (c) Proposed transmission line model employed for
analysis of the MIM coupled line directional coupler. (d) Side-coupled waveguide-resonator.

matrices are in fact nonzero, when the obtained per-unit-length
circuit elements are substituted in χV and χI . This is due to
the fact that the self-inductance and self-capacitance of the line
was calculated without taking the effects of coupling between
the lines into account, i.e., they are based on β1 , and β2 rather
than supermode propagation constants βe and βo . It is fortunate
that this approximation is insignificant since the off-diagonal
elements of the P and R matrices are negligible in comparison
with the diagonal elements. It can be easily shown that

Ze =
√

p11

r11
(14)

and

Zo =
√

p22

r22
(15)

are the even and odd characteristic impedances, respectively.

III. APPLICATIONS IN ANALYSIS OF SIDE-COUPLED MIM
STRUCTURES

In this section, the proposed two-conductor transmission line
model is applied to analyze side-coupled plasmons in two typ-
ical plasmonic structures. One is a standard coupled line direc-
tional coupler [10] shown in Fig. 3(a). The other is the well-
known side-coupled waveguide-resonator structure [7] shown
in Fig. 3(b). Both are made by carving empty regions within sil-
ver. While it is clear that the permittivity of the dielectric region
is εd = 1 for the empty regions, the complex permittivity of
the metallic region is estimated by using the well-known Drude
model [22]

εm (ω) = ε∞ −
ω2

p

ω(ω − jγ)
(16)

where the bulk plasma frequency, the collision rate, and the
permittivity at infinite frequency are set to ωp = 1.38× 1016 Hz,
γ = 2.73 × 1013 Hz, and ε∞ = 3.7, respectively.

The proposed transmission line models for these two typical
devices are schematically shown in Fig. 3(c) and (d). For sim-
plicity’s sake, the ground conductor is not shown in the sketch.
The obtained results are then validated by using the standard
FDTD method.

A. Coupled Line Directional Coupler

Plasmonic coupled line directional coupler is the most
straightforward device to be analyzed by employing the pro-
posed model. This is demonstrated in this section, where the
proposed model is employed to calculate how much of the input
power is fed to the coupled, through and isolated ports. The
upper waveguide is modeled by a single conductor transmission
line whose propagation constant and characteristics impedance
are βw 1 and Zw 1 , respectively. In accordance with the Appendix
I, the latter can be written in terms of the former

Zw1 =
βw1

ωε0εd
. (17)

In a similar fashion, the lower waveguide is modeled by a
single conductor transmission line whose propagation constant
and characteristics impedance are βw 2 and Zw 2 . In a similar
fashion, we have

Zw2 =
βw2

ωε0εd
. (18)

Neglecting the bending effects, the cross-talk between the upper
and lower waveguides can now be easily modeled by following
the proposed strategy to calculate the mutual inductance; Lm

and capacitance; Cm [see Fig. 3(c)]. Once the per-unit-length
circuit parameters are extracted, the transmission and reflec-
tion spectrum of the structure can be analytically obtained in
accordance with the Appendix II.

Two different cases are considered. First, it is assumed that
the thickness of both waveguides are w1 = w2 = 60 nm, the
geometrical length of the coupler is l = 1.2 μm, and the distance
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Fig. 4. (a) Power spectrum at the coupled and through ports of a typical
symmetric directional coupler with w1 = 60 nm, w2 = 60 nm, d = 20 nm, and
l = 1.2 μm: the FDTD method (solid line), and the proposed circuit model
(dashed line). (b) Power spectrum at the coupled and through ports of a typical
asymmetric directional coupler with: w1 = 60 nm, w2 = 100 nm, d = 28 nm,
and l = 2 μm: the FDTD method (solid line), and the proposed circuit model
(dashed line).

between the upper and lower waveguides are d = 20 nm. The
power spectrum at the coupled and through ports is then calcu-
lated by using the proposed model, and the FDTD method with
the grid size of 4 nm × 4 nm. The results are plotted in Fig. 4(a).
A very good agreement is observed between the results obtained
by the proposed simple model and the rigorous FDTD method.
Second, it is assumed that w1 = 60 nm and w2 = 100 nm, i.e.,
the structure is asymmetric. The power spectrum at the coupled
and through ports is once again calculated when d = 28 nm and
l = 2 μm. The results are plotted in Fig. 4(b), where the proposed
transmission line model is justified by the FDTD method.

B. Side-Coupled Waveguide-Resonator

Although not as straightforward as in the previous case of
directional couplers, the proposed transmission line model can
still be employed to analyze side-coupled waveguide-resonator
structures. Dielectric rectangular cavities carved in metals are
already modeled by using a single conductor standard transmis-
sion line [22]. Given that MIM waveguides are also modeled by
the single conductor standard transmission line, the effects of
side-coupling between MIM waveguides and rectangular cavi-
ties can be taken into account. This is shown schematically in
Fig. 3(d), where the side coupling is modeled by the crosstalk

Fig. 5. (a) Transmission spectrum of a side-coupled resonator with w1 =
50 nm, w2 = 50 nm, h = 20 nm, and d = 500 nm [7]: the FDTD results (solid
line), and the proposed circuit model (dashed line). (b) Transmission spectrum
of a side-coupled resonator with w1 = 60 nm, w2 = 120 nm, h = 32 nm, and
l = 400 nm: the FDTD results and (solid line), the proposed method (dashed
line).

between the terminated transmission line representing the rect-
angular cavity and the transmission line representing the MIM
waveguide.

The scalar impedance terminating the transmission line in
modeling of the rectangular cavity is already obtained [17]

ZL =
√

εd

εm
Zw2 (19)

where Zw 2 is introduced in (21). The mutual capacitance and
inductance between the two transmission lines representing the
cavity and the waveguide are then extracted by using the pro-
posed strategy. The details are presented in Appendix III.

As the first numerical example, and in accordance with
Fig. 3(b), we have w1 = w2 = 50 nm, h = 20 nm, and d =
500 nm. The transmission spectrum of the structure is then
shown in Fig. 5(a), where the proposed transmission line model
is justified by the FDTD method. The grid size of the FDTD
scheme is 2 nm × 2 nm.

As the final example, we set w1 = 60 nm, w2 = 120 nm, l =
400 nm, and d = 32 nm. This time the two-conductor transmis-
sion line is asymmetric. Yet, the side-coupling mechanism is
successfully considered and transmission spectrum of the struc-
ture is plotted in Fig. 5(b). Once again, the proposed model has
a good agreement with the FDTD method.
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Fig. 6. (a) Typical MIM waveguide. (b) Its distributed circuit model.

IV. CONCLUSION

In conclusion, a transmission line model is developed to
model side coupling in plasmonic devices with MIM arrange-
ment. The proposed model is based on two-conductor transmis-
sion line and requires nothing, but the easy to extract propagation
constants of the coupled and uncoupled MIM waveguides in the
structure. The proposed model can be used in design of different
types of plasmonic devices, whenever there is a side coupling
between plasmons in the MIM arrangement.

The model works properly in so far as the higher order modes
of the waveguides remain evanescent.

APPENDIX I

Consider a typical metal–insulator–metal waveguide shown
in Fig. 6(a). A simple distributed lumped circuit model for
this waveguide is a single conductor standard transmission line
shown in Fig. 6(b).

On one hand, the ratio of the transverse electric field to the
transverse magnetic field in this waveguide can be approximated
by using the impedance of the parallel plate waveguide

Zw =
βw

ωε0εd
(A1)

where εd and βw are the permittivity of the dielectric region, and
the propagation constant of the MIM waveguide, respectively.

On the other hand, the standard transmission line theory re-
lates the propagation constant and the characteristic impedance
of the line to its self-inductance and capacitance

β = ω
√

LC (A2)

Z0 =

√
L

C
. (A3)

The per-unit-length self-inductance and capacitance of the
line can then be easily obtained by combining (A1), (A2), and
(A3)

C = ε0εd (A4)

L =
β2

ω2ε0εd
. (A5)

It is worth noting that while the self-inductance L is always com-
plex because the propagation constant of the line is determined in

terms of the complex metallic permittivity, the self-capacitance
is real for real εd , i.e., when the dielectric region is lossless.

APPENDIX II

In accordance with Fig. 3(c), the voltage and current distri-
butions of the upper and lower transmission lines read as

(
V

I

)
=

⎛
⎜⎜⎜⎝

V1

V2

I1

I2

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

e−jβw 1 z + R1e
jβw 1 z

R2e
jβw 2 z(

e−jβw 1 z − R2e
jβw 1 z

)
/Zw1(

−R2e
jβw 2 z

)
/Zw2

⎞
⎟⎟⎟⎠ (A6)

for z < 0, and

(
V

I

)
=

⎛
⎜⎜⎜⎝

T1e
−jβw 1 (z−l)

T2e
−jβw 2 (z−l)

T1e
−jβw 1 (z−l)/Zw1

T2e
−jβw 2 (z−l)/Zw2

⎞
⎟⎟⎟⎠ (A7)

for z > l.
The transmission and reflection spectra of the upper and lower

transmission lines; R1 , R2 , T1 , and T2 , can now be straightfor-
wardly extracted once the following set of equations obtained
by combining (2a) and (2b) is solved

∂

∂z

[
V

I

]
= G

[
V

I

]
(A8)

G =
(

0 −jωL

−jωC 0

)
. (A9)

Since the kernel matrix of the preceding set of equations; G
is not a function of z, we have

(
V(l)

I(l)

)
= exp(Gl)

(
V(0)

I(0)

)
. (A10)

The transfer matrix exp(Gl) can now be partitioned as follows:

exp (Gl) =
(

W11 W12

W21 W22

)
(A11)

and the unknown transmission and reflection spectra are easily
found

(
T

R

)
=

(
1 −W11 + W12Y1

Y1 −W21 + W22Y1

)−1

exp(Gl)D (A12)

where

T =
[

T1

T2

]
(A13)

R =
[

R1

R2

]
(A14)

Y1 =
[

1/Zw1 0

0 1/Zw2

]
(A15)
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D =

⎡
⎢⎢⎢⎣

1

0
1/Zw1

0

⎤
⎥⎥⎥⎦ . (A16)

APPENDIX III

In accordance with Fig. 3(d), the voltage and current distri-
butions of the upper and lower transmission lines read as

(
V

I

)
==

⎛
⎜⎜⎜⎝

1 + R

V2(0)
(1 − R) /Zw1

−V2(0)/ZL

⎞
⎟⎟⎟⎠ (A17)

at z = 0, and

(
V

I

)
==

⎛
⎜⎜⎜⎝

T

V2(l)

T/Zw1

V2(l)/ZL

⎞
⎟⎟⎟⎠ (A18)

at z = l.
Along the same line, the unknown transmission and reflection

spectra can be easily written as
⎛
⎜⎜⎜⎝

R

V2(0)

T

V2(l)

⎞
⎟⎟⎟⎠ =

(
1 −W11 + W12Y2

Y2 −W21 + W22Y2

)−1

exp(Gl)D

(A19)
where

Y2 =
[

1/Zw1 0

0 1/ZL

]
. (A20)
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