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Ultra-Sharp Transmission Resonances in Periodic
Arrays of Graphene Ribbons in TE Polarization

Amin Khavasi

Abstract—When illuminated by TM polarized waves, periodic
arrays of graphene ribbons are known to exhibit plasmonic
resonances due to their dual inductive–capacitive nature. It is
demonstrated here that even in TE polarization, resonances can
be observed in these structure. These resonances, which are of
nonplasmonic origin, are explained by means of a circuit model.
It is shown that, for a certain frequency range, arrays of graphene
ribbons have both capacitive and inductive properties, which lead
to an ultra-sharp inductor–capacitor resonance. The banwidth of
this resonance can be as narrow as ∼0.0002 nm at a wavelength of
630 nm. The resonance can also be viewed as the grating excitation
of a TE mode on graphene. The resonance properties in terms of
different parameters are also invedtigated.

Index Terms—Circuit theory, graphene, sharp resonance.

I. INTRODUCTION

GRAPHENE has attracted great attention in recent years
due to its stability and exceptional optoelectronic proper-

ties [1]–[3]. Several applications such as high-speed transistors
[4], broadband optical modulators [5], ultrafast photodetectors
[6] and transparent conducting electrodes [7] have already been
demonstrated by using graphene. It has also been demonstrated
that periodically patterned graphene supports relatively broad-
band TM resonances [8]–[10], which can be utilized in different
applications such as broadband absorbers [11] and metasur-
face conformal cloaks [12]. These resonances are due to dual
inductive–capacitive nature of the structure [13], [14] which
stems from the excitation of localized plasmon modes [15] on
the graphene patches.

In this paper, periodic arrays of graphene ribbons (PAGRs)
are studied in TE polarization where the electric field vector is
parallel to the ribbons. In particular, we focus on the frequency
range in which the imaginary part of the surface conductivity of
graphene is positive. The graphene ribbons can then be consid-
ered as ultra-thin dielectric patches. Since dielectric gratings are
known to support guided-mode resonances [17], similar effect
is expected in PAGRs.

To describe this effect, we propose a simple and accurate
circuit model for PAGRs in TE polarization which resembles the
model for a periodic array of nanowires with finite conductivity
[16]. It is demonstrated that, in the frequency range where the
surface conductivity of graphene has a positive imaginary part,
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Fig. 1. (a) The structure under study: A PAGR surrounded by two media with
refractive indices of n1 and n2 . (b) The proposed circuit model for the structure.

the PAGR has dual capacitive-inductive nature, and can exhibit
LC resonances. In contrast to TM resonance which is relatively
broadband and is observed in the sub-wavelength regime, the
TE resonance is ultra-sharp and occurs just before the onset of
the first diffracted order. Moreover, whereas the TM resonance
is of plasmonic nature [14], the TE resonance takes place when
graphene can be considered as an ultrathin dielectric.

The paper is organized as follows: In Section II, we propose
a circuit model for PAGRs in TE polarization and we explain
the possibility of observing a resonance according to the circuit
model. In Section III, the simulation results are presented and
the existence of the resonance is demonstrated. We also describe
the link between this phenomenon and the well-known guided
mode resonance already studied in dielectric gratings. Moreover,
the behavior of resonance versus graphene width to period ratio,
and number of graphene layers is investigated in this section.
Finally, conclusions are drawn in Section IV.

II. CIRCUIT MODEL FOR PAGRS IN TE POLARIZATION

Consider a PAGRs with period D, as shown in Fig. 1(a).
Graphene ribbons, depicted by dashed lines, are infinitely long
in the y-direction and have a width of W. The structure is illu-
minated from the upper medium by a TE polarized plane wave
with a vacuum wavelength λ. The angle of incidence is θ1 . The
refractive indices of the upper and lower media are n1 and n2 ,
respectively. The graphene ribbons are modeled using a surface
conductivity σs , which can be derived from the well-known
Kubo formula [17] and is given by:

σs =
2e2kB T

π�2
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where e is the electron charge, kB is the Boltzmann constant,
� is the Plank constant, T is the temperature, EF is the Fermi
energy, ω is the angular frequency and τ is the relaxation time.
We set T = 300 K, EF = 1 eV and τ = 1 ps throughout this
work. A time-dependence of ejωt is assumed and suppressed
throughout this paper.

The proposed circuit model is illustrated in Fig. 1(b), where
the surrounding homogenous regions are modeled as transmis-
sion lines with the characteristic impedances

Zi = η0/(nicosθi), i = 1, 2 (2)

where η0 ∼= 120π is the free space impedance, and θ2 is the
angle of refracted wave in the lower medium.

The PAGR is represented by a shunt impedance of Zs ,

Zs = jω
L1L2

L1 + L2
+ ZG (3)

where L1 and L2 are the equivalent inductances of a periodic
array of perfectly conducting sheets and represent the magnetic
energy stored in the upper and lower media, respectively. The
two inductors are in parallel with each other and their values are
given by the following expression [18]:

Li =
η0D

c0π
ln

[
csc

(
πW

2D

)]

⎛
⎝1 − α +

α√
1 − (λci/λ)2

⎞
⎠ , i = 1, 2 (4)

where c0 is the free space speed of light, λci =
ni(1 + sin (θi))D and α ≈

√
1 − [(D − W )/D]4 . In (3), ZG

is the impedance due to the finite conductivity of graphene. For
evaluating ZG , let us follow the approach of [16]: writing the
Ampere’s law over one period of the PAGR, calculating the ratio
of the dissipated power in graphene, and equating it with that in
ZG . The sought-after impedance ZG , is then obtained as:

ZG =
D

σsW
. (5)

At low frequencies, �ω < 1.667EF [19], the first term in
(1), the intraband contribution, is dominant and thus the imag-
inary part of the surface conductivity is negative (see Fig. 2).
Therefore, the imaginary part of ZG is positive and from (3)
the impedance of PAGR is inductive and no resonance is ex-
pected. However, at higher frequencies the second term, the
interband contribution, is not negligible. This term dominates
for �ω > 1.667EF and thus the imaginary part of the surface
conductivity becomes positive as it is seen in Fig. 2. This implies
that ZG is capacitive and a LC resonance can be observed. It can
be easily shown that if λ � λci the impedance of L1 and L2 will
be far smaller than ZG . However, according to (4) the induc-
tances L1 and L2 tend to extremely large values at wavelengths
slightly larger than λci . Thus the LC resonance is expected to
occur just before the onset of the first diffracted order. It should
be also noted that inasmuch as L1 and L2 are parallel, both
must have large inductances in order to achieve large equiv-
alent inductance. This requires that λc1 ≈ λc2 or equivalently
n1 ≈ n2 .

Fig. 2. Real and imaginary part of graphene surface conductivity.

Fig. 3. Transmission of the structure shown in Fig. 1 at normal incidence
and with D = 630 nm, W = 0.2 D, n1 = n2 = 1. The inset shows the ultra-
sharp LC resonance. A monolayer graphene is used in this simulation.

III. RESULTS AND DISCUSSION

Based on the argument given in the previous section, the
following parameters were chosen, D = 630 nm, W = 0.2 D,
n1 = n2 = 1 and θ1 = 0, to ensure observation of a resonance
near λci = D. The transmission of this structure, calculated
by the proposed circuit model, is illustrated in Fig. 3 which is
in excellent agreement with the rigorous results obtained by
Fourier modal method (FMM) [20]. An ultra-sharp resonance
is also observed at λ = 630.004 nm with a bandwidth of
Δλ 0.00017 nm. Nonetheless, it may be difficult to excite
such a narrowband resonance experimentally. Therefore, as the
second example, a PAGR consisting of five graphene layers
is studied. The other parameters are the same as the previous
example. The surface current on a five-layer graphene is five
times of that on a monolayer graphene. Therefore, to model this
configuration, the surface conductivity is multiplied by 5. The
transmission is plotted in Fig. 4, and the resonance, observed
at λ = 630.109 nm, has a bandwidth of Δλ ∼ 0.0081 nm. The
surface current density on graphene at resonance wavelength
is also illustrated in Fig. 5. It is similar to a part of a sinusoidal
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Fig. 4. Transmission of the structure shown in Fig. 1 at normal incidence
and with D = 630 nm, W = 0.2 D, n1 = n2 = 1. The inset shows the ultra-
sharp LC resonance. A five-layer graphene is used in this simulation.

Fig. 5. The surface current density on graphene at resonant wavelength.

function. This sinusoidal profile is due to the excitation of a
guided mode which will be discussed later in this section.

A slight mismatch between the refractive indexes of the upper
and the lower mediums leads to disappearance of the resonance.
It is demonstrated in Fig. 6 where the refractive index of the
lower medium is changed to n2 = 1.001.

Now let us consider this structure from another point of view:
graphene can be regarded as an ultrathin dielectric with a refrac-
tive index of nG =

√
1 − jσs/(ωε0Δ) where Δ = 0.34 nm

is the approximate thickness of graphene [20]. Therefore, the
graphene layer studied in the previous examples can be con-
sidered as an ultrathin dielectric layer whose refractive index is
nG = 2.68 − 0.0094j at λ = 630 nm. (For k layers of graphene
the thickness is Δ = 0.34k nm, however the refractive index
is unchanged because, as mentioned before, the surface con-
ductivity is also multiplied by k). Therefore, the PAGR may be
considered as an ultra-thin dielectric grating which is known
to support a TE guided mode. Under the TE incidence this
mode is excited and a guided mode resonance is observed. Al-
though the in-plane momentum of the incident light is zero
(normal incidence), the momentum of the first diffracted order
can be matched to that of the TE guided mode. Therefore, the

Fig. 6. Transmission of the structure shown in Fig. 1 at normal incidence
and with D = 630 nm, W = 0.2 D, n1 = 1 and n2 = 1.001. A five-layer
graphene is used in this simulation. The resonance disappears due to the slight
difference of the refractive indexes.

Fig. 7. (a) The magnitude of electric field (|Ey |) at resonance. (b) The dis-
tribution of |Ey | along the dashed line on the left figure (blue solid line) and
the electric distribution of a TE guided mode whose propagation constant is
calculated using (6) (green dashed line). The parameters of the structure are the
same as Fig. 4.

propagation constant of the mode can be obtained by writing
the momentum matching condition:

βTE =
2π

D
. (6)

The electric field profile of the previous example at the res-
onance wavelength of λ = 630.109 nm is shown in Fig. 7(a),
which clearly demonstrates the excitation of a guided mode.
Inasmuch as the excitation is normal, the right- and left propa-
gating modes are both excited and as a result the field distribution
has a standing wave characteristic with two maxima in one pe-
riod. This is also the reason that we observed a sinusoidal profile
in Fig. 5. In Fig. 7(b), the electric field along the dashed line in
Fig. 7(a), is shown (blue solid line) and, for the sake of compar-
ison, the electric field distribution of a TE guided mode whose
propagation constant is given by (6) as βTE = 1.00017(2π/λ),
is also plotted (green dashed line). The excellent agreement
demonstrates the excitation of the TE guided mode.

The above argument shows that the well-known resonant re-
flection from a pure dielectric grating [21] in the case of thin
dielectric ribbons can be well explained by the proposed cir-
cuit model. As a numerical example consider an array of di-
electric ribbons with refractive index of nR = 2 and thickness
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Fig. 8. Transmission of a TE polarized plane wave from a periodic array of
dielectric ribbons. The refractive index of ribbons is nR = 2 and their thickness
is Δ = 10 nm.

of Δ = 10 nm in free space, illuminated by a TE plane wave
at normal incidence. The period of the array and the width
of ribbons are the same as the pervious examples. Transmis-
sion of the structure is plotted in Fig. 8 and a sharp resonance
is observed at λ = 630.91 nm with bandwidth of Δλ 0.1 nm.
The rigorous results are obtained by using FMM with adap-
tive spatial resolution [22], and for circuit model the dielectric
ribbons are considered as zero-thickness surface conductivities
with σs = jωε0Δ

(
n2

R − 1
)
.

An interesting feature of the studied resonance is its extraor-
dinary sharpness, especially in the case of the graphene array.
Improvement of quality factor (Q = λ/Δλ) with the decrease
of thickness can be easily explained by the circuit model. For a
series LC resonance the quality factor is inversely proportional
to the capacitance. On the other hand, from (5), it is obvious
that the capacitance is decreased by the reduction of surface
conductivity. So the maximum quality factor is achieved for the
minimum surface conductivity which is, in turn, proportional to
the dielectric thickness for a fixed refractive index.

Let us examine the behavior of the quality factor quantita-
tively. Consider again the second numerical example: the PAGR
made of a five-layer graphene, the quality factor as a function of
ribbons width is plotted in Fig. 10(a). The quality factor depends
on two parameters: the intrinsic loss due to material absorption
and the coupling to external waves. So the total quality factor
reads as [23],

1
Qtot

=
1

Qsca
+

1
Qabs

(7)

where Qsca and Qabs are the quality factors of scattering and
absorption processes, respectively. Qsca can be easily obtained
by simulating the structure without material absorption, i.e., by
setting τ−1 = 0 in (1). After calculating Qtot and Qsca by means
of numerical simulation, Qabs can be easily calculated by (7).

The intrinsic loss is proportional to the graphene width and
thus, Qabs is a decreasing function versus W/D, as shown in
Fig. 9(a). On the other hand, the loss due to the coupling in-
creases when the waveguide is more perturbed, so the minimum

Fig. 9. (a) The quality factor and (b) transmission at resonance in terms of
W/D. The quality factors due to scattering and intrinsic material loss are also
plotted.

Fig. 10. The quality factor (squares) and transmission at resonance (circles)
of the PAGR in terms of number of graphene layers.
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of Qsca is observed at W/D = 0.5. The behavior of Qtot is
more complex and it is determined by (7).

The transmission of the structure at resonance versus W/D
is also plotted in Fig. 9(b). The minimum transmission is seen
around W/D = 0.5. Therefore, the resonance is deeper, and
thus more detectable, in this situation. On the other hand,
when W/D → 0 and W/D → 1, the transmission at resonance
tends to unity, which means that the transmission resonance
disappears.

The quality factor and transmission at resonance, in terms of
the number of graphene layers, are also illustrated in Fig. 10. It
is seen that the quality factor is rapidly decreasing as a function
of the number of graphene layers. It is also obvious that the
transmission at resonance is a decreasing function. It should
be noted that if the graphene was lossless, the transmission at
resonance would be zero.

To design a desired structure, the quality factor can be tuned
by means of the number of graphene layers. For sensing appli-
cations higher quality factor is preferred, but resonances with
too high quality factors may not be detectable and thus appro-
priate quality factor depends on the frequency resolution of the
detector. The transmission at resonance, on the other hand, can
be well adjusted by the width to period ratio and the deepest
resonance is achieved for W/D = 0.5.

IV. CONCLUSION

In summary, a circuit model was proposed for PAGRs in TE
polarization. It was shown that PAGRs possess dual capacitive-
inductive nature at high frequencies (�ω > 1.667EF ), and this
can lead to an ultra-sharp LC resonance. The resonance pre-
dicted by the circuit model was also observed in full-wave
simulations. The resonance was too narrowband in the case
of monolayer graphene. However, it was demonstrated that the
bandwidth can be increased by using multiple graphene layers.
Moreover, it was shown that since the graphene layer can be
considered as an ultrathin dielectric layer, the observed phe-
nomenon is indeed the well known resonant reflection from a
dielectric array in the extreme limit of one-atom thickness.

The quality factor of the resonance and its transmission ratio
in terms of width to period ratio of ribbons and number of
graphene layers were studied, and the effect of these parameters
on the resonance was discussed.

The effect studied in this work, may be important for sensing
applications [24], and all-optical bistable switching [25].
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