
This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 193.140.21.152

This content was downloaded on 19/10/2016 at 16:02

Please note that terms and conditions apply.

You may also be interested in:

Reflection and transmission of obliquely-incident graphene plasmons by discontinuities in surface

conductivity: observation of Brewster-like effect

Saeed Farajollahi, Behzad Rejaei and Amin Khavasi

Graphene, plasmons and transformation optics

P A Huidobro, M Kraft, R Kun et al.

Nonlinear terahertz frequency conversion via graphene micro-ribbon array

H Nasari and M S Abrishamian

Scattering of surface plasmons on graphene by a discontinuity in surface conductivity

Behzad Rejaei and Amin Khavasi

A note on the Fourier transform

M L Glasser

A sampling method for the reconstruction of a periodic interface in a layered medium

Guanying Sun and Ruming Zhang

Surface plasmons: a strong alliance of electrons and light

Norbert Kroó, Sándor Varró, Péter Rácz et al.

Effective medium theory for graphene-covered metallic gratings

View the table of contents for this issue, or go to the journal homepage for more

2016 J. Opt. 18 105005

(http://iopscience.iop.org/2040-8986/18/10/105005)

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/article/10.1088/2040-8978/18/7/075005
http://iopscience.iop.org/article/10.1088/2040-8978/18/7/075005
http://iopscience.iop.org/article/10.1088/2040-8978/18/4/044024
http://iopscience.iop.org/article/10.1088/0957-4484/27/30/305202
http://iopscience.iop.org/article/10.1088/2040-8978/17/7/075002
http://iopscience.iop.org/article/10.1088/1751-8113/49/45/454004
http://iopscience.iop.org/article/10.1088/0266-5611/32/7/075005
http://iopscience.iop.org/article/10.1088/0031-8949/91/5/053010
http://iopscience.iop.org/2040-8986/18/10
http://iopscience.iop.org/2040-8986
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


Effective medium theory for graphene-
covered metallic gratings

Babak Rahmani, Amirmasood Bagheri, Amin Khavasi and
Khashayar Mehrany

Department of Electrical Engineering, Sharif University of Technology, Tehran, Iran

E-mail: khavasi@sharif.edu

Received 12 May 2016, revised 30 July 2016
Accepted for publication 17 August 2016
Published 20 September 2016

Abstract
We propose an effective medium theory for a one-dimensional periodic array of rectangular
grooves covered by a graphene sheet. Parameters of the effective medium model are given by
explicit analytical expressions for both major polarizations TM and TE, and for all incident
angles. In extraction of this model, we assumed single mode approximation inside the grooves.
The effect of non-specular diffraction orders outside the grating, as well as the plasmonic
response of the graphene sheet in the far-infrared spectrum, is addressed by introducing an
effective surface conductivity at the interface of the metallic grating and the ambient
environment. It is shown that surface plasmons in graphene effectively capture diffracted waves
in the metallic grating leading to near total absorption. Results of this work may pave the way for
designing wide-band absorbers for terahertz applications.

Keywords: graphene, metallic grating, effective medium theory

(Some figures may appear in colour only in the online journal)

1. Introduction

Graphene, a one-atom thick carbon layer material arranged in
a honeycomb lattice, has attracted huge research interest due
to its exceptional electrical and optical properties including
optical transparency [1], high electrical conductivity [2] and
controllable plasmonic properties [3]. Graphene is used in a
variety of applications such as transformation optics [4],
transparent electrodes [5] and high-speed photo-detectors [6].

Enhancing the absorption of graphene has recently
attracted a noticeable amount of attention [7–18]. The
plasmonic response of graphene plays a crucial role in the
absorption process, because the incident wave is coupled to
the plasmonic modes of graphene leading to strong
absorption. However, it should be noticed that at higher
frequencies (with respect to the Fermi level of graphene) the
plasmonic response disappears because of dominancy of the
interband transition term. This usually happens at the near-
infrared and visible range [7]. On the other hand, intraband
transition is a key factor in the far-infrared (FIR) wave-
length region [7]. Consequently, the absorption of graphene
can be significantly enhanced in the FIR by exploiting the

plasmonic response of graphene, which is controllable
through electrical gating or chemical doping [2].

Due to low absorption of a single layer graphene, other
mechanisms are required to enhance the absorption. In pat-
terned graphene structures such as disks, ribbons and patch
arrays, incident light is captured by localized plasmons and
consequently, even a total absorption is achievable [19–23].
Moreover, absorption enhancement can be obtained through
the synergistic combination of graphene with other structures
such as photonic crystals [8] and metallic gratings [9, 10].
Using the above-mentioned mechanisms, i.e. the combination
of graphene with metallic structures which are used as sub-
strates, may lead to the realization of an efficient absorber for
FIR and low terahertz (THz) frequency regions [9, 10]. The
aim of this work is to propose an analytical effective medium
theory for a metallic grating covered by a graphene sheet.

Since the discovery of extraordinary transmission (EOT)
[24], structured metallic systems have been under intensive
study. Several analytical and numerical techniques have been
provided in the literature for the analysis of metallic gratings
[25–31].
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In this paper, absorption enhancement of a structure com-
posed of a graphene sheet on top of a periodic arrangement of
rectangular grooves perforated in a metallic slab is investigated.
The metallic regions can be approximated by a perfect electric
conductor (PEC) in the THz frequency regime. It will be shown
that the incident power can be completely absorbed by tailoring
the plasmonic response of graphene in the THz frequency
region. To this end, we propose an effective medium model that
mimics the graphene-covered metallic gratings for both major
polarizations transverse magnetic (TM) and transverse electric
(TE) and for any arbitrary incident angle. This effective medium
model consists of a slab with an effective permittivity that is
placed on top of a bulk metallic layer. The effect of the graphene
sheet as well as the effect of non-specular diffracted waves in
the metallic grating can be accounted for by introducing an
effective surface conductivity at the interface of the effective
medium model and the ambient environment. It should be
pointed out that a similar effective medium theory has been
proposed for one-dimensional slits carved in metallic film but
without graphene [26]. Furthermore, that model has been only
derived for the TM illumination and is limited to the cases in
which the ambient environment and the groove regions are
vacuum. The accuracy of the proposed effective medium theory
is verified by comparing the reflected power obtained by the
proposed model with that of the full-wave numerical simulations
using the commercial software COMSOL Multiphysics. By
virtue of this model, we are able to investigate the effect of
geometry on absorption and this facilitates designing absorbers
with near perfect absorption in the THz frequency regime.
Additionally, the here-proposed effective medium model can be
used to study how EOT can be tailored by using graphene.

The paper is organized as follows: section 2 is devoted to
the detailed description of the proposed effective medium
model. In section 3, numerical examples are given to show
the validity of the model. Also, characteristics of an efficient
absorber and the effect of geometrical parameters on the
absorption enhancement are discussed using the proposed
model. Finally, conclusions are drawn in section 4. A
time dependence of the form we j t is assumed throughout this
paper.

2. Effective medium model

In this section, we propose the effective medium theory for
one-dimensional metallic gratings covered by a graphene
sheet. The schematic of the structure is shown in figure 1. The
one dimensional grating is periodic with period d in x-direc-
tion. Note that the structure is extended to infinity in the y-
direction. The width and height of the grooves are a and h,
respectively. For analytical calculations, the graphene sheet is
modeled as a conductive layer with conductivity σg, which
modifies the boundary condition of the magnetic fields. The
conductivity of graphene is derived using the well-known

Kubo formula [18] and can be written as follow:
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where e is the electron charge, EF is the Fermi energy,  is the
reduced Planck constant, ω is the angular frequency,
T=300 K is the temperature and τ is the relaxation time.
For low THz frequencies (where the interband part of the
conductivity in (1) can be neglected) and for E k T ,F B the
graphene surface conductivity σg is well described by the
Drude form [21]:
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In the rigorous full-wave calculations carried out by
COMSOL Multiphysics, graphene is modeled by an ultrathin
(Δ=1 nm) layer whose permittivity is e e s= - jg g0

wD( ) [18].
In the following subsections, we derive the equivalent

model for the structure in figure 1 for both polarizations TM
and TE.

2.1. TM polarization

First assume that the structure depicted in figure 1(a) is illu-
minated by a TM polarized wave (the magnetic field in the
y-direction) with incident angle θ with respect to the

Figure 1. (a) Metallic grating covered by a graphene sheet and
illuminated by a plane wave. The region above the grating and the
grooves region are denoted by I and II, respectively. (b) The
effective medium model proposed for the structure depicted in (a).
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z-direction. The tangential electric and magnetic fields of the
incident wave in region I can be written as
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In the above equations, the subscript n corresponds to the
order of the diffracted wave. Also, kx1n and kz1n are wave-
vector components in the x̂ and ẑ directions in region I, which
are given by
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where p l=k 20 is the wave-number in the free space and λ

is the free space wavelength. Moreover, x we= kn z n1 1 1 is the
TM impedance of the nth diffracted order in region I. In
region II, we assume that only the fundamental transverse
electromagnetic (TEM) mode is propagating inside the
grooves and we neglect the effects of higher order modes.
This assumption requires that l > an2 2 [30]. Consequently,
the electromagnetic fields in region II can be written in the
form

= +b b+ - +H H ae e 6y
j z j z h

2 20
2( ) ( )( )

x= - -b b+ - +E H be e 6x
j z j z h

2 20 20
2( ) ( )( )

where

x
b
we

b= = k n, . 720
2

0 2 ( )

Applying the boundary conditions for tangential electric fields
at the interface between the two regions yields
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These equations are obtained by multiplying the electric fields
by +e j k xx n1 and integrating both sides over one period. On the
other hand, for the tangential magnetic fields, the boundary
condition at z=0 reads as
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where the effect of graphene surface conductivity is included.
This relation is obtained by integrating both sides over one
groove width. By rearranging (8) and (10), and after some
straightforward mathematical manipulations, one finds the
following expression for the reflection coefficient
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(11) is similar to the reflection coefficient of the dielectric slab
model shown in figure 1(b), which is [26]
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in which, kx10 is given in (4). By comparing the two
coefficients G0

TM and G ,TM we are able to find an expression
for the effective surface conductivity, the effective relative
permittivity and the effective height of the slab:
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respectively. (16) and (17) can be further simplified for
incident angles near zero. For normally incident waves,

/=+p a d0
2∣ ∣ and thus we have e = d a nr

TM 2
2
2( ) and

= ´L h n a d.TM
2 It is worth mentioning that similar

expressions have been reported in [26] for L ,TM er
TM and

surface conductivity ss
TM in the absence of a graphene sheet,

however inserting the conductivity of graphene, i.e. s ,g into
the equations only changes the effective surface conductivity
s .s

TM In other words, the graphene conductivity with a simple
factor d a at normal incidence is added to the artificial
surface conductivity reported in [26]. The imaginary parts of
the two terms in (15) have different signs in the subwave-
length regime and thus, at their resonant frequencies, they
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cancel out each other leading to a pure real conductivity. This
pure real conductivity is essential for strong absorption. This
phenomenon can be elucidated in different fashions [9–12].
Recently, it was demonstrated that the above mentioned
resonant frequency of the enhanced absorption in the
graphene-covered metallic grating can be predicted by using
an inductor-capacitor (LC) model [10–12]. It was also shown
that the grating produces a strong localized electric field at
these resonant frequencies which is referred to as magnetic
polariton (MP). The coupling of MPs with the plasmonic
resonance in the graphene sheet is responsible for the
enhanced absorption of the graphene-covered metallic grating
[10, 11].

It is noteworthy to mention that our proposed model also
allows the local fields to be identified using the Rayleigh
expansion for the electromagnetic fields outside the grating.
The coefficients of this expansion can be calculated from (8).
Additionally, the dissipation can be also incorporated into the
model using complex propagation constants for the mode
inside the grooves [27].

2.2. TE polarization

In this part, we carry out a similar analysis to that of the
previous part for TM polarization, but assuming that the
structure is illuminated by a TE polarized wave (the electric
field in the y-direction) with incident angle θ with respect to
the z-direction. Therefore, the tangential electric and magnetic
fields of the incident wave in region I are

å
=

+

+ -

- - -

E E

E a

e e

e e 18

y
j k z j k x

n
n

j k z j k x

1 10

1

z x

z n x n

10 10

1 1 ( )

å
V

V
=

-

+ -

- - -

H E

E b

e e

e e 18
x

j k z j k x

n
n n

j k z j k x

1 10 10

1 1

z x

z n x n

10 10

1 1 ( )

where kx n1 and kz n1 are defined by (4) and (5) and
V wm= kn z n1 1 is the TE admittance of the nth diffracted
order in region I. Similar to the previous section, we assume
that only the fundamental TE mode propagates inside the
grooves. This assumption is valid as long as all higher order
modes are in cut-off. So, the condition l > an2 must be
satisfied [30]. As a result, the electromagnetic fields in region
II are given by
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Applying the continuity of the tangential electric fields at the
interface between the two regions yields:
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It should be noted that these relations are obtained by
multiplying the electric fields by +e j k xx n1 and integrating both
sides over one period. Similarly, we have:
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which is obtained by applying the boundary condition for the
tangential magnetic fields at =z 0. This relation is obtained
by multiplying the magnetic fields by px asin ( ) and
integrating both sides over one groove width. By rearranging
and simplifying (21) and (23), the following expression is
derived for the reflection coefficient:
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The above equation is similar to the reflection coefficient of
the dielectric slab model shown in figure 1(b), which is
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in which, kx10 is defined by (4). By comparing the two
coefficients G0

TE and G ,TE we are able to find an expression for
the effective surface conductivity, the effective relative
permittivity and the effective height of the slab:
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where w p= c ap is the plasma-like frequency and c is the
speed of light in the free space. Note that the approximation

p»+q d a1 80
2 2∣ ∣ ( ) is used to simplify (29) and (30). It is
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worth mentioning that the imaginary parts of the two terms in
the surface conductivity, given in (28), have the same signs in
the subwavelength regime. Hence, pure real surface con-
ductivity and thus strong absorption are not expected for this
polarization. Accordingly, it is explained in [12] that the TE
waves cannot excite MPs in the one-dimensional grating and
consequently enhanced graphene absorption is absent for this
polarization state.

3. Results and discussion

We present several numerical examples to verify the accuracy
of the proposed model. We use COMSOL Multiphysics for
the rigorous full-wave analysis. The maximum element size in
the finite element method should be small enough ( /~l 18,
where λ is the wavelength of the free space) to ensure
convergence. On the other hand, the series with infinite terms
in (15) and (28) have to be inevitably truncated for practical
reasons. However, keeping about seven terms is usually
enough for the results to converge.

In this section, the analytical solution based on the single
mode approximation within each groove, i.e. (11) for the TM
waves and (24) for the TE waves, is calculated and compared
against results of the full-wave simulations and the proposed
model. As the first numerical example, we suppose that the
structure is illuminated by a TM polarized wave incident at
angles q = 0 and q = 60 . The parameters of the structure
are =n 1,1 =n 1,2 =d 200 μm, =h 100 μm and
=a 50 μm. Based on the definition of the normalized fre-

quency /ld ,( ) the working frequency range of this example is
0–3.75 THz. Furthermore, the Fermi energy of graphene is set
to =E 0.1 eVF hereafter unless otherwise specified.

In figure 2, the reflected power obtained by the rigorous
full-wave analysis (solid line), the analytical solution based
on the TEM single mode approximation inside the grooves,
i.e. (11), (dotted line) and the proposed effective medium
model (dashed line) is plotted versus the normalized fre-
quency. Additionally, the maximum frequency limit in which
the proposed model is valid based on the single mode con-
dition within each groove, i.e. l > an2 ,2 is marked with a
straight dashed line. The proposed model is in excellent
agreement with the other two methods for the normalized
frequencies well below this limit. Interestingly, for normally
incident waves, this model remains accurate for the normal-
ized frequencies larger than the above-mentioned limit.
Because the higher order mode in the parallel plate waveguide
formed by the metallic walls in the grooves has an odd
symmetry and cannot be excited at normal incidence.

As is obvious in figure 2, the model loses it accuracy at
higher frequencies for oblique incidence angles. This is due to
the considerable contribution of evanescent modes inside the
grooves which can be strongly excited at oblique incidence.
For large values of /a d, the situation will be even worse
because the effect of the above mentioned evanescent waves
becomes stronger.

Moreover, the accuracy of the proposed model is verified
for different incident angles. The reflected power in the

previous example is once again plotted versus the incident
angle at the normalized frequency /l =d 0.39. The results
are shown in figure 3. Evidently, the proposed model agrees
well with the other two methods even for large values of θ.

The accuracy of the proposed model when illuminated by
a TE polarized wave incident at q = 0 and q = 60 is also
evaluated in figure 4. It shows the reflected power obtained by
the rigorous full-wave analysis (solid line), the single mode

Figure 2. Reflected power from the graphene-covered metallic
grating illuminated by an incident TM polarized wave versus the
normalized frequency calculated by the full-wave simulations
(solid), the TEM single mode approximation (dotted) and the
proposed effective medium model (dashed). The incident angle is (a)
q = 0 and (b) q = 60 . The straight dashed line represents the
maximum frequency limit obtained by the single mode approx-
imation condition.

Figure 3. Reflected power from the graphene-covered metallic
grating versus the incident angle calculated by the full-wave
simulations (solid), the TEM single mode approximation (dotted)
and the proposed effective medium model (dashed). The normalized
frequency is /l =d 0.39. The structure is illuminated by a TM
polarized wave.
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approximation inside the grooves, i.e. (24), (dotted line) and
the proposed effective medium model (dashed line) versus the
normalized frequency for the structure with parameters

=n 1,1 =n 1,2 =d 200 μm, =h 100 μm and =a 100 μm.
We marked the maximum frequency limit in which the pro-
posed model remains valid based on the single model con-
dition within each groove, i.e. l > an ,2 by a straight dashed
line. The proposed model is in excellent agreement with the
other two methods for the normalized frequencies lying
within this limit.

Similar to the TM case, the validity of the proposed
model is investigated for different incident angles. The
reflected power in the previous example is once again plotted
versus the incident angle at the normalized frequency
/l =d 0.4. The results are shown in figure 5.

Let us use this model to discuss the characteristics of an
absorber which can effectively trap light in the THz frequency
range. At first, the effects of geometrical parameters on the
absorption are discussed. In figure 6, absorption which is
calculated from one minus the reflected power is plotted
versus the normalized groove height /h d for different values
of groove width a in the structure with parameters =n 1,1

=n 1,2 =d 200 μm. Due to the weak coupling between the
metallic grating and the graphene plasmons, absorption
drastically decreases for very short and long groove widths.

On the other hand, the resonance frequency of the structure is
approximately constant for different groove widths. When the
Fabry–Perot condition b p´ =h m is satisfied, zero
absorption is obtained in the structure. In contrast, by setting

/b p´ = +h m 1 2( ) and for a given factor /a d, we can
maximize the absorption as the incident and the reflected
waves interfere constructively at the openings of the grooves.
It should be noted that β is the propagation constant of the
TEM mode inside the grooves and m is an integer. Interest-
ingly, a perfect absorption can be obtained for the TM
polarization by tuning EF and τ in (1).

To further discuss the enhanced absorption of graphene,
another example is studied. Figure 7 depicts the absorption for
normally incident TM waves both in the graphene-covered
metallic grating (dashed-dotted line) and in the plain grating
(dotted line) obtained by the effective medium model. The
parameters of the structure are as follows: =n 1,1 =n 1,2

=d 200 μm, =h 90 μm and =a 50 μm and =E 0.2 eV.F

Evidently, for the normalized frequencies lying below unity,
the presence of the graphene sheet invokes a near total
absorption in the metallic grating while otherwise no

Figure 4. Reflected power from the graphene-covered metallic
grating versus the normalized frequency calculated by the full-wave
simulations (solid), the single mode approximation (dotted) and the
proposed effective medium model (dashed). The structure is under
illumination of a TE polarized wave. The incident angle is (a) q = 0
and (b) q = 60 . The straight dashed line represents the maximum
frequency limit obtained by the single mode approximation
condition.

Figure 5. Reflected power from the graphene-covered metallic
grating versus the incident angle calculated by the full-wave
simulations (solid), the single mode approximation (dotted) and the
proposed effective medium model (dashed). The normalized
frequency is /l =d 0.4. The structure is illuminated by a TE
polarized wave.

Figure 6. Absorption of the graphene-covered metallic grating
calculated by the effective medium model versus the normalized
groove height h/d and for different groove widths / =a d 0.01
(solid), / =a d 0.1 (dashed), / =a d 0.5 (dotted) and / =a d 0.9
(dashed-dotted). The normalized frequency is /l =d 0.5
( =f 0.75 THz .) The structure is illuminated by a normally incident
TM polarized wave.
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absorption is seen in the plain grating. By further increasing the
normalized frequency beyond unity, it can be observed that
both structures can absorb a portion of the incident power. For
/ ld 1 in which, 1 st-order diffracted waves become pro-

pagating, some of the incident power is transmitted to the 1
st-reflected orders. In our model, which is characterized with
homogenous media, the higher diffracted orders cannot exist.
Therefore, the power carried by the higher order modes appears
as a virtual absorption in the specular direction even in the
plain grating. One can better understand this mechanism by
plotting a defined as a = - + + -DE DE DE1 r r r0

TM
1
TM

1
TM( )( )

versus the normalized frequency DErn
TM is the diffraction effi-

ciency of nth order [31]. By using the full-wave simulations, α
is plotted for the graphene-covered metallic grating (solid line)
and the plain grating (dashed). In the former case, some of the
incident power is absorbed by graphene (solid line). However,
in the latter case, the absorption is zero and hence the dashed
line is merged to the bottom x-axis. This is due to the fact that
all of the incident power is reflected back to the free space in
the specular DEr0

TM( ) and non-specular ( -DEr 1
TM
( ) and DEr1

TM)
directions. Consequently, absorption is solely indebted to the
plasmonic properties of graphene as long as the non-specular
diffraction orders are evanescent. Higher diffraction orders also
contribute to the absorption once they become propagating.

4. Conclusion

In this work, we proposed an effective medium model for the
analysis of one-dimensional graphene-covered metallic grat-
ings. This model consists of a dielectric slab that is covered
by an effective surface conductivity. This surface con-
ductivity incorporates the effects of the graphene sheet and
those of the non-specular diffracted orders. Conductance of
the above-mentioned surface conductivity and the effective
relative permittivity of the slab have been given by explicit
analytical expressions for both polarizations TM and TE, and
for all incident angles. This model has been derived by

assuming that only one mode is propagating inside the
grooves. The accuracy of the proposed model has been
demonstrated through several numerical examples and its
limitations have also been clarified.

Using this model, it has been shown that the absorption
of the graphene-covered metallic gratings substantially
increases in comparison with that of the plain grating (for TM
polarization). This is due to the strong coupling between the
graphene plasmons and the evanescent waves diffracted
by the metallic grating. These effects are summarized in the
expression given for the effective surface conductivity. The
absorption versus different parameters such as groove height
and normalized frequency was also investigated.

This work provides a powerful tool for designing effi-
cient absorbers or other novel devices based on the graphene-
covered metallic gratings.
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